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Abstract. Two methods of constructing infinitely many isomorphically distinct C p - 
spaces have been published. In this article we show that these constructions yield 
very different spaces and in the process develop methods for dealing with these spaces 
from the isomorphic viewpoint. We use these methods to give a complete isomorphic 
classification of the spaces Rp constructed by Bourgain, Rosenthal, and Schechtman 
and to show that X p ® X p is not isomorphic to a complemented subspace of any _R" . 
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0. Introduction 

The purpose of this paper is to investigate the relationship among three appar- 
ently different constructions of £ p -spaces. We will show that two of the methods 
produce the same isomorphic classes but that third method produces a funda- 
mentally different class of spaces. In particular the construction due to Bourgain, 
Rosenthal and Schechtman [BRS] will be shown to produce different spaces than 
those Schechtman produced to show that there are infinitely many isomorphically 
distinct £ p -spaces. In order to explore the gap between the two constructions we 
resurrect a 1974 construction of £ p -spaces due to the author [Al] that was pre- 
sented in some seminars at Ohio State but was not published at that time. (See [F] 
for a complete exposition and related results.) All of the methods of construction 
make use of Rosenthal's fundamental space X p and thus have a probabilistic or dis- 
tributional character that makes the passage to the isomorphic level difficult. One 
consequence of this work is to show that modifications of the ideas of Rosenthal can 
be used to work with these more complex spaces within the isomorphic framework. 

In Section 1. we will review the constructions and the basic properties. First we 
will describe some of the results in Rosenthal's paper. 

Theorem 0.1. (Rosenthal's Inequality, [R, Theorem 3] or [JSZ]) Let 2 < p < oo. 
Then there exists a constant K p depending only on p such that if fi, • • • , f n are 
independent, mean zero random variables in L p , then 
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Using this inequality Rosenthal showed that there was a complemented sub- 
space of L p which he called X p that was different (isomorphically) from the other 
complemented subspaces known at the time. In its sequential form X p ^ Wn ^ is the 
completion of the space of sequences of real numbers (a n ) with only finitely many 
a n non-zero under the norm 
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where (w n ) is a bounded sequence of positive numbers such that for every e > 0, 



(*) 



E 

u>„<e 



W 



2p/(p-2) 



OO. 



Using this space and a "bad" / 2 -space formed by taking the definition of X p ^ Wn ^ 
as above except that w n is a constant independent of n, Rosenthal defined a small 
list of additional £r,-spaces. The spaces he defined were B p = (^2 k X p ^ w k^) p , 
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-p-spaces. 
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(52X p )p. These spaces, L p , l p , I2 © l p , and X p were the only known £ p -spaces 
known at the time of Rosenthal's paper. Some of the isomorphic relations between 
these spaces were determined by in Rosenthal. Others were known to the author 
but never published. The current state of knowledge of these smaller £ p -spaces can 
be found in the dissertation of G. Force [F]. 

One of the most interesting parts of Rosenthal's paper is his proof that the space 
X Pj ( Wn ) does not depend on the sequence (w n ) as long as (*) is satisfied. We will 
make use of his ideas in this paper, so we record the basic formulas here. 

Proposition 0.2. [R,Lemma 7] Let E±,E2,... be a sequence of disjoint finite 
subsets ofN. For each j e N let 

/,= (E^ /(p - 2) )" 1/P E-n /(p - 2 ^ 

where (e n ) is the standard coordinate basis of X p ^ Wn ^ and let 

/;E«nen) = ( E < p/(p - 2) ) E rf" 1)/(? " 2) - 

Then (fj) is 1-equivalent to the standard basis of X p ^ w ',) where 




(p-2)/(2p) 



for each j and Px = Ylj fj ( x ) fj ^ s a contractive projection onto the closed linear 
span of (fj). 

Using Proposition 0.2 Rosenthal showed that every space X p ^ Wn ^ is isomorphic 
to a complemented subspace of X p ^ Wn fc ), where w U; k j as n — > 00 and w Uj k does 
not depend on k, and that X p ^ Wn fc ) is complemented in every X p ^ Wn ^ such that 
(w n ) satisfies (*). Rosenthal then used a special sum of spaces and a version of the 
Pelczynski decomposition method to show that all of the spaces X p ^ Wn ^ such that 
(w n ) satisfies (*) are isomorphic. 

In Section 2 we generalize Rosenthal's methods so that we may consider spaces 
formed by replacing the scalars in the definition of X p by a sequence of subspaces 
of L p . We prove a result analogous to Proposition 0.2 and develop the tools to use 
a decomposition method argument similar to Rosenthal's. A crucial notion here is 
the use of a restricted class of operators which are bounded in the p and 2 norms. 
This idea has been used previously in working with X p . (See [A2], [AC] and [JO].) 
These tools allow us to show that for uj < a < uji the spaces R p +k , k e N, are 
isomorphic. 

In order to distinguish the spaces R p for a a limit ordinal, we use some ideas of 
Schechtman [S] but with a different basic space. Whereas Schechtman used spaces 
of the form l ri <g> l r2 ® • • • <g) Z rfe , we use the space D p originally defined in [Al]. 
Section 3 is devoted to completing the classification of the spaces R p . 

The remaining sections of the paper are devoted to the relationship between 
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structures are esssentially incompatible and thus deduce in Section 8 that X p ® X p 
is not isomorphic to a complemented subspace of any R p . In Section 4 we examine 
isomorphic embeddings of X p <g> X p into (p, 2) — sums of subspaces of L p and show 
that there are some restrictions on their behavior. Section 5 is devoted to developing 
methods of passing to subsequences of the natural basis of X p <g> X p which are bases 
for isomorphs of X p <g> X p so that gliding hump style arguments can be used. The 
approach used is quite general and may be of independent interest. We prove a 
general sufficient condition for an operator on X p ® X p to be an isomorphism on 
a copy of X p <g> X p in Section 6. We also look at the isomorphic types of certain 
natural subspaces of X p <g> X p such as the span of the diagonal and lower triangle 
basis vectors. With these methods in hand we start looking at complemented 
embeddings of X p <g> X p into (p, 2) — sums of subspaces of L p in Section 7. The main 
technical results are proved there. 

In Section 9 we make some remarks about directions for further work and list 
some open problems. 

For the most part we use standard notation from Banach space theory as may 
be found in the books of Lindenstrauss and Tzafriri, [LT], [LTI], [LTII]. We use the 
expression a ~ b to denote equivalence of numerical quantities up to multiplicative 
constants, i. e., there exist positive numbers K\, K2 such that K^ 1 a < b < K^a- We 
will assume that the scalar field is the real numbers throughout. Unless otherwise 
noted p > 2 and q < 2 is the conjugate index to p. If F is a set, |F| is its cardinality. 

We would like to thank the Mathematical Sciences Research Institute at Berkeley 
for its support during which a portion of this work was completed. 
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1. The Constructions of £ p -spaces 

In [S] Schechtman used a simple tensor product to construct infinitely many 
isomorphically distinct £ p -spaces. This tensor is defined only for subspaces of L p . 

Definition 1.1. Let X and Y be subspaces of L p [0, 1] and define X <g> Y to be the 
closed linear span of {x(t)y(s) : x E X and y £ Y} in L p ([0, 1] x [0, 1]) with the 
usual product measure. 

This tensor product depends on the representation of X and Y, a priori. Note 
that if T and S are bounded operators on L p [0, 1] then we may define T <g> S on 
L p ([0, 1] x [0, 1] ) by [T <g> S] (x <g> y) = (Tx) <g> for all x,y & L p [0, 1]. A straight- 
forward calculation using the Fubini Theorem shows that T ® S 1 is well-defined and 
that ||T ® 511 < ||T|| ■ \\S\\. It also follows from standard techniques (integration 
against the Rademacher functions) that if (xi) and (yi) are unconditional basic 
sequences in L p [0, 1] then (xi <g> yj)ij is an unconditional basis for [xi\ <g> [yj]. (See 
[S] or the proof of Lemma 1.2 below.) 

Schechtman defines spaces <2) n X p = X p ® X p <g> ■ ■ • ® X p (n-times). The re- 
marks above show that ® n X p is complemented in L p ([0, l] n ) where the projection 
is P <g) P <8> ■ ■ ■ <8> -P (n-times) and P is a projection from L p [0, 1] onto X p . Thus 
it is immediate that ® n X p is a £ p -space. Unfortunately in this representation the 
norm of the projection goes to oo with n. Indeed, it was communicated to me by 
Schechtman from Pisier, that the norm of the projection must be at least as large 
as the product of the smallest norms of projections onto the factors. To see this we 
have by [TJ, Lemma 32.3] that for X C Y the relative projection constant 

\(® n X, ® n Y)) = sup{|tr(w : ® n X -> ® n Y)\ : u G B(® n Y, ® n Y), 

v{u) < 1 and u(® n X) C ® n X}, 

where tr denotes the trace and v is the nuclear norm. Because tr(<g>i P) = JJ" tr(P) 
and v{®iP) < Y\i v{P), it follows that the relative projection constant of ® n X p 
in L p ([0, l] n ) is no better than the nth power of the relative projection constant for 
X p in L P [0,1]. 

Because of Rosenthal's Inequality it is possible to represent ® n X p as a sequence 
space relative to the unconditional basis (x^ <E> Xk 2 <S> • • • <S> Xk n )k-&$,i<j<n an< i 
explicitly compute a formula for an equivalent sequence space norm. (In [S] the case 
n = 2 is given.) The next lemma will allow us to do the computation inductively. 

Lemma 1.2. Let (x n ) be a normalized sequence of mean zero independent random 
variables in L p [0, 1], 2 < p < oo, and let (yk) be an unconditional basic sequence in 
L p [0, 1] and Y = [yk]- Then for all {a n ^) in R, 

ii ^2^2 a ^x n ii 

n k 

II ^ a n,kyk\\ p p \ ,(f ^2[^2a n , k \\x n \\ 2 r n (u;)]y k du\ |, 

^ n k ' \ J k n Y J ) 

where r n is the nth Rademacher function. 

Proof. Let f n = Ylk a n,kyk for all n. Then for each t, (x n ■ f n (t)) is a sequence 
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Inequality, 
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Using this lemma we can now compute the sequence space norm of the tensor 
product of finitely many copies of X p . Below we use the convention that rise0 f( s ) = 
1. 

Proposition 1.3. For each i, 1 < i < n let (x l k )ken be a sequence of normalized 
mean zero independent random variables in L p [0, 1] and let w\ = \\x l k \\2 f or a ^ * 
and k. Then for all (a(fci, . . . , fcn))(fci,...,fc„)€N" in ^ 
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where the maximum is taken over all subsets F of the first n natural numbers, and 

w\F,k 1 ,...,k n ) = UsM w V 2 - 

Proof. The proof is by induction on the number of factors, n. For n = 1 the 
assertion is immediate from Rosenthal's Inequality. Now assume it for n factors 
and consider n + 1 factors. By Lemma 1.2 with (y k ) replaced by {x\ <E> • • • <E> 

4 B )(*i *»)€N», we have that 



n+l 

n + l 



E E " ■ E a ( fei > • • • ' fcn ' ® • • 

~ max< ( > max < ( > 

U fe Z r i ^C{l,2,...,n}\V ^ 

( \ 2 \ 
2J a(fei, . . . , fc„, /c n+ i) 2 W 2 (F, fei, . . . , fc n ) 

/ E E a ( /c l'---' /c n,/Sn+l)|kfc+ + 1 1 ||2r fcll+1 (w)]4 1 



£ N 1 N „ N I 



Xl 



Interchanging the summation over fc n +i and the max in the first expression produces 
the required expressions for which a subset of{l,...,n + l} would contain n + l. 
Next we will use the following consequence of Kahane's Inequality [W, III. A. 18] and 
the inductive hypothesis to rewrite the second expression and obtain the others. 
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(by interchanging the max and the integral) 
-maxjf {H 

(k s ) seF (k s ) aiF 

afa, • • • fc n+1 ) 2 ||^+ 1 i \\lW\F, h, 

k n +i 
□ 

Next we will briefly describe the construction of £ p -spaces given in [BRS]. Our 
exposition is slightly different, but the basic ideas are the same. 

Definition 1.4. Suppose that for each n G N, X n is a subspace of L p (Q n , /j, n ) 
for some probability measure fi n . Let O = n^Li with the product measure 
fx = Y[ A* n , and for each n let p n be canonical map from O onto Q n and j n (f) = f°p n 
for all / G C p (Q n , // n ). Let be the space of constant functions on O and jo 
be the inclusion of Xq into //). Let (52X n )i denote the closed linear span of 

U%L j n (X n ) and (^2' X n )i denote the closed linear span of U^ 1 j n (A A n ) in L p (f2, //). 
We will call -^ n )/ the independent sum of {X n }^L 1 and (^^ n )i the complete 
independent sum of {X n 

Remark 1.5. We will always choose the spaces (X n ) n >i to be contained in the mean 
zero functions. This will guarantee (See Lemma H.) that the complete independent 
sum has a natural unconditional decomposition into the spaces (X n ) n > . In [BRS] 
the independent sum was used with spaces, (X n ), containing the constants and 
thus the independent summands were not necessarily direct summands. 

In the construction of £ p -spaces in [BRS] a finite l v sum is used. In this ex- 
position we replace that approach by using the tensor product. For that pur- 
pose it is convenient to introduce the notation L™ for the space L p ([0, 1], V n , A) 
where V n is the cx-algebra generated by the intervals IJ! = [/c2~ n , (k + l)2~ n ) for 
k = 0, 1, . . . , 2 n — 1 and A is Lebesgue measure. (Thus L™ is isometric to £jf\) 

For each a < uj\ we will define a subspace of L p (ji) for some probability 
measure \x. The procedure is inductive. Let R® = L®, the space of constant 
functions. Now suppose that has been defined. Define Rp* +1 = L p <8> Rp . For a 
limit ordinal (3 let R@ — (Y^Li Rpfi)i where i?^ i s the set of mean zero functions 
in Rp n and (a n ) n6 N is an enumeration of the ordinals 7, < 7 < (3. 

Remark 1.6. Note that because L™ <g> L™ is isometric to L p n+n , Rp +k is isometric 
to L k <S> Rp, for any a < u\. In the definition of R@ for j3 a limit ordinal a more 
usual definition would be to let a n increase to (3 and let R& = Rp n )i- However 
no isomorphic theory of complete independent sums was developed in [BRS], so at 
this stage we do not know whether or not these spaces are all isomorphic. 
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2. Isomorphic Properties of (p, 2)- Sums and the Spaces 

In [BRS] it was shown by use of an ordinal index that uncountably many of 
the spaces are isomorphically distinct. Unfortunately the nature of the proof 
is such that it does not provide any additional information on which a's yield 
isomorphically different spaces. One consequence of the results in this paper is that 
we will see which ones are in fact different in a direct fashion. 

We will now use Rosenthal's inequality to get a little more information about 
the spaces R® for a a limit ordinal. The approach used here is similar to that in 
[Al] and [F]. 

Lemma 2.1. For each n e N let X n be a subspace of L p (Q n , /j, n ) which contains 
the constants and let X Ut o denote the the subspace of X n of all mean functions 
in X n . Then (52X n )j is isomorphic to X n ^)i © L°. Consequently, i^X n )i 
is isomorphic to the space 

Z = {(/n)~ o : fn e X nfi for n EN JoE L° p , 

and ||(/ n )|| = max{(^ \\f n \\*) 1/p , Un\\l) 1/2 } < °°}- 

Proof. For each n e N, X n = X n ^ © [lfij- By definition 

(J2 *n)l = Pn= jnX n ] = [^ =1 J n X n , U {jnO-ClJ : n = 0, 1, 2, . . . }]. 

Because jn0-n n ) = Ifi for every n, it follows that (J2 x n)i = [Uj n (X nj0 )] © [In] = 
(^2 X nj0 )i © Lp. The final assertion is an immediate consequence of Rosenthal's 
Inequality. □ 

We will have frequent use for spaces such as Z above so we will use the following 
notation for norm that occurs there. 

Definition 2.2. Let (X n ) be a sequence of subspaces of L p (0, /i) for some proba- 
bility measure fj,, and let (w n ) be a sequence of real numbers, < w n < 1. For any 
sequence (x n ) such that x n e X n for all n, let 

IIMIUko = max{(^ WxnW*) 1 *, \M\Wn) 1/2 } 

and let 

X = C^2x n ) Pj2 ,( Wn ) = {(x n ) : x n e X n for all n and || (x n ) \\ p ,2,(w n ) < oo}. 

We will say that X is the (p, 2, (ty n ))-sum of {X n }. In the special case that w n = 1 
for all n, we will sometimes write (^2X n ) p ^ instead of -^n) P ,2,(i)- 

In order to deal with these spaces with a norm defined in terms of an L 2 norm 
and an L p norm and with similar subspaces of L p , we will use the terms (p, 2) — 
bounded, (p, 2) — isomorphism, etc., to indicate that the map is bounded, is an 
isomorphism, etc., in both norms. For example, if T is a map from (X]^n)p,2,(u>„) 
into L p , we would say that T is (p, 2) — bounded, if there exists a constant K 

SUCh that ||T(x n )|| 2 < K(Y, \\ x n\\l w l) 1/2 and ll r 0&n)||p < K\\(x n )\\p^,( Wn ) for a11 
/™ \ r- /V* v \ at„j-„ j-U„j- j-u;„ :„ „i:„ui„ j:£T j- iU„„ + u„ ..„„„„ „f i-i,:„ 
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terminology in other papers, [AC], [JO]. This concept of a (p, 2) — bounded operator 
is actually implicit in [R] where it is used in estimating the norms of operators and 
in proving that the spaces X p ^ Wn ^, where (w n ) satisfies (*) are all isomorphic. He 
actually shows that the spaces are (p, 2) — isomorphic. 

Remark 2.3. By Rosenthal's Inequality one can produce a subspace of L p iso- 
morphic to the (p, 2, (w n ))-sum of (X n ) in the following way. First symmetrize 
each space X n by mapping / G X n to Sf G L p (Q', v) where O' = fl x {0, 1} 
and v = /j, x (8q + <5i)/2, by Sf(iv,j) = f(oj)(— Next apply an isometry J n 
from L p (Q' , v) into L p (Q! x [0, 1], v x A), where A is normalized Lebesgue measure 
on [0, 1] to adjust the ratio between the L p and L 2 norms, where J n f(u>', •) = 

/(w')l[o, 7 „]7n 1/p where 7 n = wl p/{p ~ 2) . For each n G N let fi n = fl' x [0,1] 
and ji n = v x A and identify the target space of J n with L p (Q n ,i/ n ). Finally let 
fioo = n^Li A*oo = n^Li an d denote the natural projection from fioo 
onto fl n . Then for each n G N, T n = (J n Sf) o n n is an isometry from X n into 
-C'p(^oo) A*oo) such that for any sequence (f n ) with / n G X n for all n, (T n f n ) is a 
sequence of independent mean zero random variables. By Rosenthal's inequality 
|| ^2 T n f n \\ p is equivalent to || (T n f n ) || p ,2,(i) an d by the definition of T n we have that 
\\(T n fn)\\ P ,2,(i) = ||(/n)||p,2,( Wn ) because ||T n / n || 2 = WUh^n for all n G N. Thus 
[T n X n ] is (p, 2) — isomorphic to the (p, 2, (w„))-sum of {X n }. 

Let us now examine the spaces R p k , for k = 1,2, First let k = 1. For each 

n G N, L n p = [l]©[l Jfc -2- n l/ : k = 1, 2, . . . , 2 n -l], where 1% = [k2~ n , (k+l)2~ n ), 
for k = 0, 1, . . . , 2 n — 1, and n G N. Because of Rosenthal's Inequality and Lemma 
H it is natural to compare with (J2 L p)p, 2,(1) ■ Let l n = G (X) £p)p,2,(i), 
where x n = l[o,i] an d Xk = for k 7^ n. Observe that the operator P(x n ) = 
((/ ^n)ln) on (E ip) p ,2,(i) is a (p,2)-norm 1 projection onto [l n : n G N] with 
kernel (E £po)p,2,(i)- Also we have that [l n : n G N] is (p, 2) — isometric to A" P;2 ,(i) 
which is isomorphic (but not (p, 2) — isomorphic) to £ 2 . 

Let us explicitly compute the norm of an element a; G (X] £p)p,2,(i)- Let 

2™-l 

X = ( E fl fc 1 ^)n6N- 

Then 

00 2"-l 00 2"-l 

|M| p , 2 , (1) = max{(E E l^f 2 "") 1 ^^ E l^| 22 " n ) 1/2 }- 

n=l fc=0 n=l fc=0 

If we define = a£2" n /P and w£ = 2'^-^/^ for each n, k, then 

00 2™-l 00 2"-l 

H = max{(E E i^n 1/p >(E E i^i 2 «) 2 ) 1/2 }- 

n=l fc=0 n=l fc=0 

Thus (X!-kp)p,2,(i) is (p, 2) — isometric to X p ^ w n^ an isomorph of X p . By Rosen- 
thal's argument X p Q) p ,2X Pj2 ,(i) is (p, 2) — isomorphic to X p , it follows that (J2^p)i 
is (p, 2) -isomorphic to (E L p) P ,2,(i)- 

Now we will prove that the spaces _Rp fc are (p, 2) — isomorphic to iterated (p, 2) — 
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Theorem 2.4. For any countable ordinal a and j G N, R^^i is (p, 2) — isomorphic 
to _ _ 

' ' ' )p, 2 ,( w n.,k)) ■ ■ ■ )p,2,(w„,fc))p,2,(u>„ ife )) 

j times 

where w n , k = 2~ n ^-^l^ for < k < 2 n , n = 1, 2, . . . . 

Before we begin the proof we need to make note of some properties of (p, 2) — 
isomorphisms. Below, given a sequence of operators (T n ), T n : X n — > F n , we will 
use the notation ©T n denote the operator denned from (J2 X n ) to Y n ) which 
is defined by T((x n ) n ^) = (T(x n )) n ^, for all finitely non-zero sequences with 
x n G X n for all n. 

Lemma 2.5. If{X n } and {Y n } are two sequences of sub spaces ofL p (Q, y) for some 
probability measure fx, and there is a constant K and (p, 2)— continuous operators 
{T n } such that ||T n || Pj 2 < K for all n G N then the operator T = ^ ®T n is a K 
(p, 2)- bounded operator from (J2 x n) P ,2,(w n ) into (J2 Y n) P ,2,(w n )- Consequently, 

(1) if each T n is a (p, 2) — isomorphism and ||T'~ 1 || J , 5 2 < K as well then T is a 
(p, 2) — isomorphism. 

(2) if each T n is a projection, then ^2 ®T n is a (p, 2)— bounded projection onto 



The proof of Lemma 2.5 is straightforward and we leave it to the reader. The 
next lemma is similar to Proposition 0.2 except that the scalars are replaced by a 
subspace of L p . 

Lemma 2.6. Suppose that {X n } is a sequence of subspaces of L P (Q, /i) for some 
probability measure fx, Y is a subspace of L p (Q,/j,), and K is a constant such 
that for every n G N there is a projection P n from X n onto a subspace Y n such 
that ||P n ||p,2 < K and there is a (p, 2) — isomorphism T n from Y onto Y n with 
max{||T n || p 2, ||^V 1 |lp2} < K. Then, if (w n ) is any sequence in [0, 1] with 
Zwl P/(p - 2) <oc, 

Z = [(w 2 n /^T n y) :yeY]c (£,X n ) pMwn) 

is (jp, 2)— isomorphic to Y with the norm 

max{|| 2/ || p ,|| 2/ || 2 (^^/( P -2) ) ( P -2)/2 P} 

and (p, 2)— complemented in (Yl X n ) p ^^ Wn ) ■ Moreover the norms of the operators 
depend only on p and K . 

Proof. First we will compute the norm of an element in Z. 
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2p 2 

Thus the map (^2w%~ 2 ) 1 / p y — > (w£~ 2 T n y) defines an isomorphism from Y in 
the weighted norm onto Z. Next we define an operator P by 

P(x n ) = {{^fl-^T^wf^T-'P^]), 

for every sequence (x n ) G ^n) P ,2,(w n )- Clearly P maps into Z and = z for 
all z E Z. 

It remains to check that P is (p, 2) — bounded. 

||P(x n )|| ~ E^?) 1 ? max{||y|| p , IblbE^r 5 )^} 

2 (p~ 1 ) 

where j/ = J2wj P ~ 2 T~ PjXj. Since by Holder's Inequality with exponent pairs 
(p,p/(p-l)) and (2,2), 

blip < E^^H^'llfll^llfll^llp ^ (E^^CE INIP 1/p 

and 

Wvh < }Z w t 2w AT-%\\PM\^h < E^) 1/2 ^ 2 Ell^HH 2 ) 1/2 

Then 

llPMII^^maxl^lKP^^I^II^i^^ 

□ 

The next lemma shows that (p, 2) — sums of subspaces of L p behave in a reason- 
able way with respect to (p, 2) — isomorphisms of their summands. 

Lemma 2.7. Suppose that for some a < u>\, {Xp : (3 < a} is a family of subspaces 
of L P (Q, n) for some probability measure fj,, and there is a constant K such that 
for every 7 < (3 < a there is a (p, 2)— continuous projection Qy,p from Xp onto a 
subspace Y 1 such that ||Q 7jy g|| Pl 2 < K and Y 1 is K (p, 2)— isomorphic to X 7 , in the 
natural (p, 2) — norm. Let (wj) be a sequence contained in (0, 1] and let 4> be a map 
from N into a such that there is an infinite subset M of N with lim n£ M <f>(n) = a 
and for every e > 0, 

E ^ p/(p " 2) = °°- 

w m <e 

Then there is a constant C depending on K and p such that (X)^Li ^<j>(n))p,2,(w n ) 
is C (p, 2)— isomorphic to (Xl^Li -^a„)p,2,(w^) ) where (w' n ) is any sequence in (0, 1] 
satisfying (*) and lim n ^ 00 a n = a. 

Proof We proceed in the same way that Rosenthal did in the proof of [R,Theorem 
13]. First we single out a special (p, 2) — sum. Let j/;:NxN^«bea function such 
that for any ifj(n, j) is independent of j and (ifj(n, l)) n eN is an enumeration of a. Let 
z = (E«j^(n,i))p,2,K J )i where w' n j = w' n for all nj. Clearly if (w' n ) satisfies 
(*) then we can find disjoint finite subsets of N, N n j, such that au > ip(n,j) for 

2p _ 2 

oil h CL AT . or,A \ ( n n P~ 2 ^ TTT \ „,,' /O fr^y oil ^ o ^ M T+ f^ll™,ro frr^ry-i 
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Lemma 2.6 that X^( n j ) is (p, 2) isomorphic to a (p, 2) — complemented subspace 
of (J2 neNn . ^a„)p,2,o;j- An application of Lemma 2.5 gives us that Z is (p, 2) — 
isomorphic to a (p, 2) — complemented subspace of (EnLi -Xa„)p,2,(u>^)- Similarly, Z 
is (p, 2) — isomorphic to a (p, 2) — complemented subspace of (E^Li x <j)(n))p,2,(w n )- 
Another application of this argument shows that Z contains (p, 2) — complemented 
(p,2)-isomorphs of (E^=i ^aj p ,2,«) and (E™ i%«))p,2,K)- 

Finally we note that (EnLi Z)p,2,{\) is (p, 2) — isomorphic to Z and thus by 
the decomposition method (See [R, Proposition 11].) Z is (p, 2) — isomorphic to 
(Er=i X «n) P ,2,K) and (J2n=i X <t>(n)) P Mw n )- D 

Proof of Theorem 2.4- It is sufficient to prove this for j = 1 and then we may 
conclude by applying Lemma 2.5 and induction. We follow the pattern of the 
argument given above for the case a = 1. 

It follows from Lemma 2.1 that Rp* +UJ is (p, 2) — isomorphic to 

Let us compare this with (E -Rp +fc )p,2,(i)- A typical element of R^ +k = L k ® Rp 1 
is of the form 

2 k 2 k 2 k 

f = EE "j 1 !* )®& = t2 1 j* ® (E flijA) = E ^ ® 

m j'=0 j=0 m j=0 

where G Rp for all fc,m and h k = J2 m a m,j9m- Thus a typical element of 
(E Rp +k )pMD is / = (E-lo 1/* ® )* and 

oo 2 fe -l oo 2 fe -l 

= max{(E £ H^ll^)^,^ £ ||^|| 2 2-*)^ } . 

fc=l j=0 fc=l j=0 

If we define gj 5 = h k 2~ k / p and ty^ = 2~ fc ( p_2 )/( 2p ) for each j, fc, then 

oo 2 fe -l oo 2 fe -l 

11/11,2 = max { (x: E ii^m^E E WiV?) 2 ) 1/2 }- 

fc=l j=0 fc=l j=0 

Thus (E -Rp +fc ) P ,2,(i)) is isometric to (E -Rp Now just as in the a = 1 

case for each n we let l n = (xk)k where x n = l[o,i] and = for ^ n. 
Observe that the operator P(f n ) = ((J /n)ln) is a (p, 2) — norm 1 projection onto 
[l n : n G N] with kernel (E -Rp +fc o)p,2,(i)- [l n : ™ e N] is (p, 2) -isometric to 
X Pt 2,(i) which is isomorphic to £2- Moreover, X p is (p, 2) — isomorphic to a (p, 2) — 
complemented subspace of (E -Rp +A: o)p,2,(i))- Indeed, fix / G L p0 and observe 
that Lj ® / C R%+ k + 2 for all fc. Thus (E ^ +fc o)p,2,(i)) © P ,2 X p ' Ml) is (p,2)- 
isomorphic to (E -Rp +fc o)p,2,(i))- Hence (E Rp +k o) P ,2,{i) and (E -Rp +/ %,2,(i) are 
(p, 2) — isomorphic. 

It follows that (E-Rp +fc )-f is (p, 2) — isomorphic to (E Rp)p,(w n )- ^ 

Remark 2.8. By Lemma 2.7 we can replace the weights (wf~,n) i n Theorem 2.4 by 
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Corollary 2.9. R p k is (p, 2) — isomorphic to the space 

{(«ni,n 2 ,..,nj £ ^ : || (a ni ,..., nfc ) || < Oo} 

where 



[a ni ,...,n k )\\ = max 

0<j<fc 



E-E 

ni n.,- 

p 1 

( 5^ •••^a(ni,...,n fc ) 2 W r2 ({l,...,j'},ni,...,n fc )J J L 



and W 2 ({1, n fc ) = n?= i+ i«) 2 - 

Notice that the norm given in Corollary 2.9 and that in Proposition 1.3 are 
similar in form but there are fewer terms and a lack of symmetry in the formula in 
Corollary 2.9. We will see much later that this difference is in fact significant. 

Corollary 2.10. For every a,u < a < u\ and k G N, R p +k is (p, 2)— isomorphic 
to B$. 

Proof. By Theorem 2.4 R p is isomorphic to a (p, 2) — sum of spaces Xp as in Lemma 
2.7. From Lemma 2.7 it follows that Ft™ is isomorphic to its square. Clearly R p +k 
is isomorphic to a finite direct sum of copies of R p and thus to R p . □ 

In the next section we will show that the converse of Corollary 2.10 holds and 
thus it is actually a characterization. Our last goal in this section is to prove that 
for each k G N the space R p k is (p, 2) — isomorphic to a complemented subspace of 
® k X p . This will be accomplished by using the fact that R p k is (p, 2) — isomorphic 
to the fc-fold (p, 2, (w„))-sum of X p , where (w n ) is any sequence in [0, 1] satisfying 

(*)• 

Proposition 2.11 is the analogue of [R, Theorem 13] and the consequences noted 
in [R, p 283]. 

Proposition 2.11. If X is a subspace of L p {p) for some probability measure fj,, 
and if (w n ) is a sequence in (0, 1] there are four possible isomorphic types for Y = 
2,(w n )- The classes are determined as follows. 

(1) Ifmfw n > 0, Y is (p, 2)— isomorphic to (Yl^)p,2,(i)- 

(2) If V^Wn P ^ P 2 ^ < oo, Y is isomorphic to i^2,X) p . 

(3) If J2wn P ^ P 2 ' ) = oo, infw n = 0, and there exists e > such that 

«^ /(p " 2) < oo, 

w n <e 



then Y is isomorphic to (J2X) p2 (i) © (52X) p . 
(4) // 



E 

W n <£ 



«,2P/(P"2) = oo 



for every e > 0, then Y is (p, 2)— isomorphic to (Y^ X) Pi2i ( w > ), 

„../ -(v-2)/(2v) 
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Proof. Let (x n ) be a sequence in X. It is easy to see that the third case follows 
from the first two and that the fourth case is included in Lemma 2.7. Thus we need 
only compute the first two cases. 
If inf w n > 0, then 

E \\ X n\\l > E \\ x n\\lwl > (inf W n ) Y hn\\l- 

If £ wl p/ip - 2) < oo then 

E iwiK < (E n^ii^) 2/p (E^ /(p - 2) ) (p - 2)/p 
<(En^iip) 2/p (E^ p/(p - 2) ) (p - 2)/p 

□ 

We will next show that R p k is isomorphic to a complemented subspace of ® k X p . 
The proof is inductive, so we first prove a proposition which we can use iteratively. 

Proposition 2.12. Suppose that Y is a subspace of L p (fi) for some probability 
measure fx and that (w n ) and (w' n ) are sequences in (0,1]. For each n, k G N let 
Wn,k = w n . Then X p ^^ w ' n ) <8> (52Y)p,2,(w n k ) contains a (p, 2)— complemented sub- 
space which is (p, 2) — isomorphic to 

(E^E Y )p,2,(w n ))p,2,(w'J- 

Proof For each k G N let Y k = [(y n ,j) ■ y n ,j = if j ^ k] C Y) P ,2,(w n , k )- Clearly 
Yfc is (p, 2) — isometric to (£ Y) p ,2,(w n )- Let (x n ) be the standard basis of X Pj 2,{w' n ) 
and consider the space Z = [xk®yk '■ Vk £ ^fc and fc e N] . In order to compute the 
norm in the tensor product we must first represent (£ Y) p ,2,(w n k ) as a subspace of 
L v {y\ for some probability measure v. We may assume that X contains only mean 
functions and thus as in Remark 2.3 we can consider v as an infinite product 
measure and each summand of (52Y) p ,2,(w n k ) as a space of functions depending 
only on the (n, /c)-coordinate of the product space. Similarly we realize (x n ) as 
a sequence of L p -norm one independent mean random variables on some other 
probability space. Thus a typical element of Z is of the form ^Xk <8> yk an d by 
Rosenthal's inequality has norm equivalent to 

max{(E \W ® yk\\ p p ) 1/p , (E W x * ® yk\\i) 1/2 

= max{(E (E \M\ 2 2\\yk\\l) 1/2 } 

= max{(Ell^lip 1/p ,(EK) 2 |l^ll2) 1/2 }- 

This is precisely the norm in (£ Yk) P ,2,(w' n )- 

To see that Z is complemented it is sufficient to observe that 

X P,2,(w' n ) ® (E y )p.2,(^,fe) 

has an unconditional decomposition with summands [x n ] ® Yfc, n,k G N. (This 
follows from Lemma 1.2.) □ 
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Corollary 2.13. Suppose that (w n ) is a sequence in (0, 1] which satisfies (*). Then 
contains a (p, 2) — complemented subspace (p, 2) — isomorphic to 

k times 

/ " s 

E • • • E R ) P ,2,( Wn ) ■ ■ ■ )p,2,(w n ) ■ 

Consequently, Rp k is (p, 2) — isomorphic to a (p, 2) — complemented subspace of® k X p 

Proof. Because (w n ) satisfies (*), (^M) p2 (w k ) is (p, 2) — isomorphic to 

2, («;„)• Thus the k — 2 case follows from Proposition 2.12. Similarly, because 
Lemma 2.7 implies that 

k times 

/ " V 

p,2,(w n ) ■ ■ ■ )p,2,(w n ) 

is (p, 2) — isomorphic to 

k — l times 

/ * V 

p,2,(w n ) ■ ■ • )p,2,(w n ))p,2,(w n>k )- 

the general case follows by induction. □ 
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3. Isomorphic Classification of R™, a < ui 

To complete the isomorphic classification of the spaces R p we will develop an 
invariant based on the presence of nicely placed copies of 1%, a < ui\. In a certain 
gross sense the proof is similar to that of the isomorphic classification of the spaces 
C(a), [BP]. We begin with a few definitions. 

Definition 3.1. A sequence of measurable functions (f n ) on (O, £>, y) will be said 
to be conditionally independent if there exists a measurable set A such that supp 
(f n ) C A for all n G N and the restrictions to A are independent for the restricted 
measure space and normalized measure, h\a/ ^(A). The set A is said to be a con- 
ditioning set for (f n ). 

Conditionally independent sequences occur naturally in the spaces R p +k . For 
example if (x n ) is an independent sequence in R p then for any set B which is 
measurable with respect to the dyadic cr-algebra T>k, (1b <S> x n ) is a conditionally 
independent sequence in R p +k . 

We will be working with basic sequences in L q , 1 < q < 2, which are equivalent 
to the basis of h which are well complemented in the sense that the orthogonal 
projection is bounded. It is easy to see [F, Lemma 4.4] that if [x n ] is orthogo- 
nally complemented in L q (Q) and B is a measurable set of Q\ then [1b ® x n ] is 
orthogonally complemented in L q (Q.\ x O). 

Definition 3.2. Suppose that (x n ) is a sequence in L p , p > 2, which is equivalent 
to the basis of Z 2 . Let 

W(x n ) = lim sup{-n — — : x G [xk '■ k > n]}. 

n^oo \\x\\p 

If (x n ) is a sequence in L q , 1 < q < 2, which is equivalent to the basis of I2 
and has complemented closed span with biorthogonal functionals (x*), then let 
W(x n ) = W(x* n ). 

This definition for q < 2 depends on the choice of biorthogonal functionals. In 
our application the projection will be the orthogonal projection and thus the choice 
will be made automatically. The next lemma illustrates the effect of conditional 
independence on W(). 

Lemma 3.3. If (x n ) is a conditionally independent sequence of mean functions 
in L p , p > 2, which is equivalent to the basis of I2 and A is a conditioning set for 
(x n ), then 

^ A ){p-i)/ip/ Kp < w{x n ) < fi(A)( p - 2) / 2p . 
Proof. By Holder's inequality 

\\XU\\1 < lk 2 || P /2||lA|| P /( P -2) = \\x\\ 2 p fi(A)^- 2 ^. 
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ity for the measure v = fj,\^/ fj,(A). For convenience we assume that ||a; n ||.L („) = 1. 

N N 

|| J2 X n\\p^( A )~ 1/P = II ^ X n\\ Lp {u) 
n=l n=l 

N N 

< K p max{(£ \\x n \\l pH y/v, (£ \M\Uu)) 1/2 } 

n=l n=l 
N 



71=1 



Because (x n ) is equivalent to the basis of Z 2 , there is a constant c > such that 
ll^nlb > c for all n. Therefore 



Wxng^A)- 1 ) 1 / 2 > N^c/^A) 1 ' 2 > N'/p 

n=l 

for N sufficiently large. For such N, we have 

N N N 

|| J2 X n\\ P KA)- 1/P < K p (J2 WWl^A)- 1 ) 1 ' 2 = \\Y,Xnh/l*(A) 1/2 - 
n=l n=l n=l 

Thus 

N N 
^ A) (p-2)/2 P/Kp < || J- Xn \\ 2 /\\ Xn\\p. 

n=l n=l 

Because the argument applies (x n+s )^ =1 for any s G N, ii{A)^ p ~ 2 >'^ 2p ^ /K p < 
W(x n ). □ 

We will also need to apply the function W() to certain (p, 2) — sums. These spaces 
will in general be isomorphic to complemented subspaces of L p but it is convenient 
to use the same notions in the given norm. In particular in the next lemma we will 
use an isomorph of D p , [F, p. 108], (En,fc^)p,2,( w „, fc ) where w n , k = (2"™)(p- 2 )/ 2 p) 
for all k, n. For p > 2, the norm we will use is 

II a n,k e n, fell = 

max{(£ £ |< fc nV, |< fe | (£ £ |<J 2 <*) 1/2 } 

n,fc j n,k j n,k j 

where e J n k denotes the sequence which is except at the (j, n, k)-th place where it 
is 1. For this space 

\\J2 a n,k e i,kh = (J2J2\ a n,k\ 2w l,k) 1/2 

n,k j 

and we will compute W(x n ) for (x n ) C D p ^ Wn fc ) from the ratio H^lh/IMI for 
x G [x n : n > k]. For q < 2, the norm on D q is the dual norm to the norm on 
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the biorthogonal functionals from D p and proceed analogously. Notice that for 
fixed n, k, (e J n k : j G N) C D v ,p > 2 is 1-equivalent to the basis of I2 and has 
1-complemented span and thus so are the dual functionals. Further, for fixed j, 
( e n k '■ n i k (a N) is 1-equivalent to the basis of X Pt 2,( Wn k )- 

The next lemma is a key step in the proof and is analogous to Schechtman's 
result, [S, Proposition 2], that the natural basis of (^2l s )l r , l<q<r<s<2, is 
not equivalent to a sequence of independent random variables in L q . We use several 
arguments which are given in that paper and leave the reader to consult [S] for 
additional detail. 

Lemma 3.4. If T is a bounded linear map from h) q , 2, (w n k ) into L q , 1 < q < 2, 
and the range ofT is contained in [x n ] where (x n ) is a sequence of independent mean 
zero random variables which are basic, then there is a normalized block basic se- 
quence (y J n k ) such that [y J n k ] is a (q, 2)— complemented subspace of h)q, 2, (w n k )> 
(Vn k) ^ S equivalent to the standard basis of h) q ,2, (w n fe )? f or eachn, k, W(y J n k ) = 
w n , k , and ||T(^ ifc )|| < 2~ n ~ k for all j. 

Proof. Let (e J n k ) be the natural basis of h) q ,2, (w n k ) where W(e J n k : j E N) = 
w n ,k- We can assume that liminffc^oo liminfj^oo \\Te 3 n k \\ > for each n, otherwise 
simple averaging of (e„ ■) will produce the required sequence. (See end of the proof 
below where we use a similar argument.) By a diagonal argument and passing to a 
subsequence of the index j for each n, k we may assume that (T(e J n k )) is disjointly 
supported relative to the basic sequence (x n ). 

For each n, (e J nk )k,j is equivalent to the basis of Z 2 and thus (Te J nk )kj is p- 
equi-integrable (See [S] for the definition.). By [S, Lemma 4] and the proof of [S, 
Proposition 2] we can find a subsequence of the /c's (which we assume to be the 
whole sequence for notational convenience) and for each k a subsequence of the 
j's (which we again assume is the whole sequence ) such that {Te J n k )j is (p, 2~ 1 )- 

equi-distributed and (Te J nk )k is (p, 2 _t )-equi-distributed. (The size of i and t are 
determined by the estimate of symmetry required in the third display below.) How- 
ever for n fixed and large and t and % sufficiently large the behavior in the domain 
is quite different. Indeed, 

M 

ll£<J = ^ 1/2 

i=i 

and 

M 

\\Y.<A = Mllq 
fc=i 

if M < Wn q/(q ~ 2) . Thus 

M M 

||T||MV2>|| T (^e^)||~||T(^e^)||. 

j=i k=i 

Therefore 

M 

\\T(M-^j2<k)\\<nnM^-^. 
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Also note that if M is essentially equal to {w m /w n ) 2q ^ 2 q ^ then the 2 and p- 
norms of the corresponding dual functional are approximately equal to w m . Now 
select integers M k , m and n fc , m such that 2\\T\\Mj t q ~ 2)/2q < 2~ k ~ m and M fc , m ~ 
(wm/w nk m ) 2q ^ 2 ~ qS} - (In particular, for a given m we need to choose rik,m so that 
(wm/w nk m ) 2q l <y2 ~ q) > 2 fc+m ||T||. We also assume that approximations improve as 
k — > oo.) 

For k, m G N find disjoint sets K^^ m of N of cardinality M\-^ m . (Technically 
we must actually choose appropriate subsequences of the index set j so that the 
required estimates above hold for n = nk, m and M = Mk, m - We also need to ensure 
that all of the blocks we construct are disjointly supported. All of these are possible 
by simple diagonalization but are messy notationally, so we leave the details to the 

reader.) Let y 3 mk = J2 s eK k , m e n k , m ,s- Th ™ 



E 



M k!m W n k ,r 



IM, 



1/p 
k,m 



which converges to w m as k goes to oo. Thus W(y 3 mk ,j G N) ~ w m . Therefore 

Wm k '■ 3 e is (q, 2) — isomorphic to X q ^( Wm ) ( m is fixed so the sequence (w m ) 
is constant.) and by (duality and) Proposition 0.2 is (q, 2) — complemented with a 
bound independent of k and m. It follows from Lemma 2.5 that [yj, m ] is (q,2) — 
complemented. □ 

Remark 3.5. In the application of Lemma 3.4 and the next one we will actually 
be working in some R q rather than in sequence norm of (J^ h)q,2,(w n k )- Therefore 
we need to make some observations about the (q, 2) — norms that occur and the 
constant W{y k m ). First if for each m, k we construct the sequence (y 3 k m ) in L q so 
that the span is orthogonally complemented in L q , then the estimates can be made 
in L p = L* with the dual functionals. Let us examine the dual situation in L p more 
closely. 

In [F, Theorem 4.8] it is shown that if for each n G N, X n is an orthogonally 
complemented subspace of L P [Q, 1] (and mean 0) and the norms of the projections 
do not depend on n, then the space constructed by squeezing the supports onto sets 
of measure Wn P ^ P ~ 2 ^ by the obvious L p -isometry, and then placing the resulting 
spaces on independent coordinates produces a (p, 2) — complemented subspace of 
L p (]^[[0, 1]) which is isomorphic to (^^n) P ,2,o„) an d the image of X n in the 
resulting space is still orthogonally complemented (with the same norm) and the 
only significant change is that /2-norms of the elements have been multiplied by a 
constant, w n . Second if the spaces X n are actually the span of mean 0, independent 
random variables (x n> k) with H^n.fclh/ll^n^llp = c, then the distance to I2 and the 
norm of the orthogonal projection onto [x Ut k '■ k G N] is a function of c and the 
constants in Rosenthal's inequality. 

Finally notice that in the proofs of Lemmas 3.4 and 3.6 only simple averages 
of elements whose dual functionals have the same ratio for p and 2-norms are 
employed. Therefore the resulting dual functionals are also simple averages. (Of 
course properly normalized.) 

We will actually need to consider a sequence of maps rather than just one and 
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Lemma 3.6. If (T r ) is a sequence of bounded linear maps from h) q ,2,(w n k ) into 
L q , 1 < q < 2, and the union of the ranges of T r ,r G N, is contained in [x n ] where 
(x n ) is a sequence of independent mean zero random variables which are basic, 
then there is a normalized block basic sequence (y J n k ) such that [y J n k ] is a (q,2) — 
complemented subspace of (Yl ^) q ,2,(w n k )> (Vn k) ^ s equivalent to the standard basis 
°f (E^) g ,2,(«,„, fe ), for each n,k, W(y J nk ) = w n , k , and ||T r (?/^ fc )|| < 2~ n ~ k for all 
r < n + k and all j G N. 

Sketch of Proof. For a given m and k only the finitely many operators T r , such 
that r < m + k, need be considered. In the proof of Lemma 3.4 the choice of M 
depends only on m and k and the norm of T. For a finite number of operators the 
requirement that T r (e J n k ) be a block subsequence can be achieved simultaneously 
by passing to subsequences and the estimates 

M M 

\\Tr\\M^>\\TAj2<k)\\-\\Tr(E<k)l 
3=1 k=l 

can be achieved for all r < m + k as well. Thus the proof above generalizes to this 
case. □ 

Remark 3. 7. The previous result could also have been obtained by applying Lemma 
3.4 iteratively and choosing k so that Ti(y J n k ) is small for all / < r and then using 
the fact that a sequence of independent random variables has an upper l q estimate 
to see that 

M M 

||T z (M-V^^J||<K(^|| Tz (<jr)VVMV.<K ma x||T z (< fc )||. 

k=l k=l 

We are now ready for the main result of this section. As might be expected the 
proof is by transfinite induction. 

Theorem 3.8. Let 1 < q < 2. For every a < u\, R q +UJ is not isomorphic to a 
subspace of R q . 

Theorem 3.8 is actually a corollary of the following more informative result. 

Proposition 3.9. There are constants C, C such that if uo\ > a > u and for each 
r G N, T r is a bounded operator from R q into R q , a' + u> < a, then there is a a 
normalized basic sequence (y n ) in R q such that (y n ) is equivalent to the standard 
basis of lii [y n ] is C-(q, 2)— complemented, W(y n ) > C , and ||T r (y n )|| < 2~ n for 
all r < n. 

Before we begin the proof of this let us formalize a consequence of the statement 
above that we will use in the induction. 

Lemma 3.10. Let X be a subspace of L q which is complemented by the orthogonal 
projection and let (x n ) be an unconditional basis for X with dual functionals (x*) C 
L p such that (x*) is an orthogonal sequence in L 2 . Suppose that (Xj) is a sequence 
of subspaces of L q such that for any k if (T r ) is a sequence of operators from X 
into (X^i=i then there is a a normalized basic sequence (y n ) in X such that 

/„. \ A„ A„.„l J- J-„ 4-U „ „J- 7 .J !,„„„•„ „-f 7 r_. 1 A„ rt t„ 0^ „„™„7„™ 4-„J l,„. 4-L „ 
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orthogonal projection, W(y n ) > C , and \\T r (y n )\\ < 2~ n for allr < n. Let Pi denote 
the projection from (Y^JLi on ^° (X?=i Then for any e > 0, if (T r ) is 

a sequence of operators from X into (Y^jLi ^j)i> then there is a a normalized basic 
sequence (y n ) in X such that (y n ) is equivalent to the standard basis of I2, [y n ] is 
K(C + e)-(q, 2)— complemented, W(y n ) > (C — e)/K, where K is the constant in 
the upper ^-estimate for (x*), and \\PiT r {y n )\\ < 2~ n for all l,r < n. 

Proof. The proof is a gliding hump argument. Indeed, for each / we use the hypoth- 
esis for the sequence of operators (PjT r )^ =1 j<i to get a sequence (y n ) as above. 
Let y\ = y{, and assume that yj has been chosen for j < m. For n large y™ satisfies 
\\PiT r (y™)\\ < 2~ m for all l,r < m. We know that [y™] is complemented. Let {y™*) 
be the dual functionals in X*. By choosing n large enough we can assume that the 
support of y™* relative to the dual basis (x*) of X* is disjoint from the supports 
of y* for j < m. By construction ||y™*||2/||y™*||p > C, for all n,m. Therefore if 
we choose y m = y™^ m y so that (y™^) is an orthogonal sequence then (y m ) will be 
equivalent to the basis of / 2 and have orthogonally complemented closed span. □ 

Remark 3.11. The proof of Lemma 3.10 does not really require that X have an 
unconditional basis, but that it has an unconditional F.D.D. so that the copies 
of I2 are taken from different summands In this way selecting elements from the 
different I2 bases will still produce a copy of Z 2 . Moreover in the application of 
Lemma 3.10 below, the elements (y n ) will actually be independent and mean 0, so 
that the constant K in the lemma can be replaced by 1. 

Remark 3.12. In [BRS] it is shown that there is a certain isomorph of L p , Xp, so 
that for every a < u±, Rp is (isometric to a) contractively complemented in Xjy. 
Also the projection is the orthogonal projection. Moreover, if a < (3 < u>i, R^ is 
contractively complemented by the orthogonal projection in R@. 

Proof of Proposition 3.9. We will use induction on a. Given e > 0, the constants 
C, C can be chosen to be (1 + e)C p and 1 — e, respectively, where C p is the (q, 2) — 
norm of the orthogonal projection onto the span of the Rademachers in L p . At 
each stage of the induction we actually will produced a badly preserved copy of 

If a = ou, Rp is finite dimensional and the result is obvious. Note also that we 
may assume that a is a limit ordinal since for n E N, R^ +n contains a contractively 
complemented subspace isometric to R™ and a' + uj < a + n implies that a' + 
uj < a. Similarly we may asssume that a = a' + u>, because if a > a' + uj then 
Rg contains a contractively complemented subspace isometric to R^ +w and the 
inductive hypothesis for a' + uj gives the result. 

Suppose a = uj -2. Because R^ is isomorphic to X q , we can assume that the the 
union of the ranges of (T r ) is in the span of a sequence of mean zero independent 
random variables. R^' 2 = (Y^ Rq +n )i contains a well (q, 2) — complemented (((?, 2) — 
isomorphic) copy of h) q ,2, (w n k ) since R^ contains well (q, 2) — complemented 
copies of X Qj 2,5, for any < S < 1. In particular, in order to avoid any problems 
with constants, for each n, k we can take a sequence of independent mean zero 
Bernoulli random variables and find an (almost) isometric copy of their span in 
j-£j+m(n,k) w ^ ^ e weight W(y n k) = w n k- Applying Lemma 3.6 to this copy of 
2,(uvfc) yi e ^ s the required sequence (y n )- Note that the constants which 
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Remark 3.5 we actually get a sequence (y n ) of independent mean random variables 
which have closed span complemented by the orthogonal projection from L q . The 
(q, 2) — norm of this projection is the same as the (q, 2) — norm of the projection 
onto a similar block in X q and the isomorphism to I2 is similarly controlled. At one 
point in the argument we need the slightly stronger statement that the projections 
are in fact the orthogonal projections in order to apply Lemma 3.10. Technically 
our inductive hypothesis should be strengthened to include this information. 

Now assume that the result holds for all (3 < a. R q is equal to (J2p <a Rq )i- 
Let (3 n = a' + n. We only make use of the summands R q ' +n for n G N in R^' +UJ . 
Thus for our purposes we can consider (%2' n R% n )i in place of R q . Also we can 

replace R q by the (codimension one) isomorphic space R q l )i, where {f3[) is 
an enumeration of {/3 < a'}. For each n G N let P n be the orthogonal projection 

from Q2[Rq l )i onto (X^=i 'Rq s )i- (This is in fact just conditional expectation.) 
Consider the sequence of operators (T[) t = (P n T r ) n r in some order. 

The proof divides into two cases depending on the nature of a'. First we consider 

the case a' =7 + 0;, for some 7 > 00. Observe that for any n, R q " is isomorphic 

to a subspace of R^ and therefore, for each n, (X^=i ' Rq s )i * s a ^ so isomorphic to a 
subspace of R^. Therefore the inductive hypothesis applies to j3 n for all n and thus 

also for maps from R^' +n into (X^=i '^q s )i- (R q +n contains a well complemented 
isometric copy of R@ S+UJ for all s G N.) 

Let 4> : N x N into N be an injection such that <p(n, k) > n. For each n, k let 
X n ^ be an isometric (in L q norm) copy of R q ' in _R^™' fc ) which is contractively 

complemented but is supported on a set of measure w^ k 2 ' ) ,i.e., the norm in 
L 2 has been multiplied by w n ^. Therefore for each n G N there is a normalized 
sequence [z° n k )j in X n ^ such that [z 3 n k )j is equivalent to the standard basis of 
h, [z J n)k : j G N] is C-(q, 2) -complemented, w Uik > W((z 3 nk )j) > C'w nyk , and 

Tr( z n k) < f° r an r < J- By a diagonalization argument we can find J n ^ C N for 

' id' 
all n, k such that (T(z J n k ))jeJ n k ,n,k is a block of the independent sum R q l )i- It 

follows that : j G J n ,k,n, k] is (<?, 2)-isomorphic to (^ h) q ,2,(w n , k )- Moreover, 
because of the diagonalization step, the range of T r is contained in the span of a 
sequence of independent random variables. Therefore by Lemma 3.6 there is a a 
normalized block basic sequence {y° n k ) such that [y 3 nk ] is a (q, 2) — complemented 

subspace of [z 3 nk : j G J n! k,n,k], (y J n k ) is equivalent to the standard basis of 

(£k),,2,(i« n , fc ), for each n,k, W(y J nk ) = w n , k , and ||T r (j£ >fc )|| < 2~ n ~ k for all 
r < 11 + k and all j G N. The subsequence (y\ k ) meets our requirements. 

If a' is not of the form 7 + u, then we need to apply Lemma 3.10 to overcome 
a small difficulty and then proceed similarly to the previous case. As before R q 
1 0' 

is isomorphic to (J2 n Rq)i where ((3' n ) is an enumeration of the ordinals less than 
a'. However these are not all isomorphic to subspaces of R^ for some 7 < a'. 
However if we consider the maps (T r ) from X n ^ as above, we have a maps from an 

isometric copy of R q with its / 2 -norm multiplied by w Uj k into i^! n Rq n )i- By the 

inductive hypothesis a sequence of maps from R™ into (J2 n<rn Rq n )i w iH satisfy 

i-i, „ u,. — i-U„„:„ „c t „™™ „ o 1 r\ rpi c u,. t „™™ „ o 1 r\ „.„ 7 — r — „„ „u ^ /„ 
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a normalized basic sequence (z J n k ) in X n ^ such that {z° n k ) is equivalent to the 

standard basis of h, [z J n ^ k ] is C-(q, 2) — complemented, w Uj k > W(z J nk ) > C'w nj k, 

and T' r {z 3 n k ) < 2~ J for all r < j. At this point the proof continues as in the previous 
case. □ 

Corollary 3.13. Suppose that u < a < a' < uj\. Then Rp is isomorphic to Rp if 
and only if a + u> > a' . 

Proof. One direction is Corollary 2.10 and the other is immediate from Proposition 
3.9. □ 

Remark 3.14- By modifying Schechtman's proof that ® k ~ x X q does not contain 

(^^(^^ • • • ^r 1 )r 2 ■ ■ ■ )r fe _i)r fe , 

to use Dp as in the argument above, we can also show that for each k e N, R^ k 
is not isomorphic to a subspace of ® k ~ 1 X q . The point is that the first part of 
Schechtman's argument is in fact to use the induction hypothesis to to locate a 
sequence of independent random variables which contain a copy of (X^r fc -i)r fe )- 
Our argument needs a sequence of independent random variables which contain a 
copy of Dp. 
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4. Isomorphism from X p <g> X p into (p, 2)- sums 

In this section we begin to investigate isomorphisms from X p ®^ p into subspaces 
of L p . Because, for p > 2, X p ®X p is isomorphic to a subspace of h) P and i 2 ) p 
is isomorphic to a (complemented) subspace of X p <g> X p , one cannot say too much. 
However there are some restrictions which are related to the Z 2 structure which 
reveal themselves. In later sections we will consider complemented embeddings and 
obtain stronger results. 

In this section we will be working with X p as a sequence space. Thus if (e n ) is 
the usual basis of X p ^ Wn ^, then we will write the norm as 



E 



II = max{|| ^a n e n || 2 , || ^a n e n || p } 



where 

II ^2a n e n \\ 2 = (^a 2 n wl) 1/2 and \\^2a n e n \\ p = (J^<) 1/p . 

Our first result is about X p itself. (See [A2] for related results.) Notice that it says 
that any operator from X p into L p acts like an L 2 bounded operator on a large 
part of the basis. 

Lemma 4.1. Suppose that (z m ) is a normalized standard basis of X p and T is an 
isomorphism of X p into L p . If B = {m : \\Tz m \\ 2 > ||T|| ||z m || 2 } then 



11 y h 2 p/(p-2) < 1 

/ j II || 2 — ± * 

mEB 



Proof. Let F be a finite subset of B and let y = J2 m eF \\ z m\\2^ P ^ ' z m . Then 

1/2 



and 



yh=(j2 Ml p/ip - 2) ) 



1/p 

\ P = ( ^2 iuii 2 /'/ ( ''- 2 ) ' 

mEF 



Therefore 



\ 1/2 / \ 1/2 

\T\\( V II r || 2 P/(P- 2 )1 ^ V II r H 4 /( p - 2 )|lT 7 II 2 

l 1 II 1 / , , ll^rn|| 2 I ^ I / 1 1 ^ttt. 1 1 2 ll- 4 - ^rn\\2 



< 



/ H"^ ^ ] ll^rn.|| 2 ^ P r m{t)z rn \\2dt j 

/ l|T £ H^|| 2 /(p " 2) r m (t)^ m ||^ 



1/2 
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If EmeF Ikmll^^ 33 ^ > 1) then ||y||2 > ||y|| p and we have a contradiction. □ 

In the next result we obtain a "type 2 inequality" for the restriction of an operator 
on X p <S> X p to a large subspace. In X p <g> X p as a sequence space there are four 
norms which appear in the expression in Proposition 1.3. Below we need only one 
of them. If (e n ) and (e' n ) are copies of the natural basis of X p ^ Wn ^, we will use the 
notation _ 

II 5^a n , m e n ®e'J| 2 = C/2 a n,™ w n w ™) 1/2 

n,m n,m 

for this eZ/2-norm. 

Proposition 4.2. If T is an isomorphism from X p <g> X p into L p and (e n ) and 
(e' n ) are copies of the natural basis of X p ^ Wn ^, then there are complemented sub- 
spaces, Y and Z , of X p each isomorphic to X p , with standard X p bases, (y m ) 
and (z m ), respectively, which are subsequences of (e n ) and (e' n ), respectively, such 
that \\T(y m <E> Zk)\\2 < ll^lllli/m ® z k\\2, for all m and k. Consequently, for all 
Y. a m,kym ® z k eY ® Z, 

( / " T a m,kr m ,k{t)ym ® Zk < \\T\\ || ^ a m,kym ® Z k \\ 2 

where (r mj k) is a doubly indexed set of Rademacher functions. 

Proof. Let (tt m , n ) and (i> m ,n) be bases of X p such that ||it m ,n||2 = H^m.nlh = w m 
for all to, n and w m | 0. By the previous lemma for each to and n we have that if 



and 



then 



B m , n = {(k,j) : \\T\\\\ <S> v k ,jh < \\Tu <s> v k ,jh} 



j) ■ \\ T \\ IK,j ® V m ,n\\2 < \\ Tu k,j ® ^m.nlh} 



^2 \\ u m,n®v k ,j\\ 2 p/{p2 ><l and ^ \\ u k,j ® v min \\ 2 p/[p < 1. 

Also note that for all k,j,m,n, (k,j) B m ^ n if and only if (to, n) ^ Cfej- 

To get the subspaces Y - and Z we will inductively choose disjoint finite subsets 
F s and G s of N x N and infinite subsets M s , iV s of N x N such that for all s G N 
and for all (to, n) G F s , (k,j) G G s 

M s+1 C M s and iV s+ i C iV s , 

\\Tu m , n <g) V k ,jh < ||F||||w m , n <S> Vk,jh, 

M s D G t for t < s and N s D F t for t < s, 
|iV s n {(fc,r) : r G N}| = oo and \M S fl {(fc,r) : r G N}| = oo for all k. 

Let Fi = {(1,1)}, Mi = N x N\Si,i,Gi = {(l,Ji)} for some (l,ji) G Mi and 
Ni = N x N \ Ci ;il . Note that (1,1) £ Ci^ because (l,ji) ^ B M , and thus 
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Now suppose that we have defined F S ,G S , M s and N s . Let F s+ i C N s \ U t < s F t 
such that F s+ i is finite and F s+ i n {k} x N 7^ for /c = 1, 2, . . . , s + 1. Define 
M s+ i = M s \U( min ) 6Fs+1 S mjn . Observe that if t < s then G t nU( mjn ) 6Fs+1 B m)n = 
because F s+ i n ^(k,j)€G t Ck,j = 0- Choose a finite set G s +i C M s+ i \ Ut< s Gt such 
that G s+1 n {A;} x N ^ for A; = 1, 2, . . . , s + 1. Define iV s+1 = iV s \ U (fciJ -) eGa+1 C fciJ -. 
Note that for t < s + 1 and G G s+ \, F t fl C^j = because (k,j) £ -B m ,„ for 

all (m,n) G U t < s+ iF t . 

This completes the induction step. Because the sets F s are disjoint and F s fl 
{k} x N 7^ for all s > k, UF S fl {k} x N is infinite for all k. Similarly the same is 
true for LiG s . Thus 

Y = [tt m>n : m, n G UF S ] and Z = [v m>n : m, n G UG S ] 

are isomorphic to X p . We have that \\Tu m , n <8> Ufejlh < H^ll ||w mjn ® ^fcjlh for all 
(m,n) G UF s ,(/c,j) G UG S because (m, n) G F a ,(k,j) G G f ,s < £, implies that 
G(CM s cNxN\ S mjn and if t < s then F s cJV ( cNxN\ C kJ . 

The last statement of the conclusion follows from the fact that (r m ^ym <S> Zk) is 
an orthogonal sequence and hence 



J WT^Urn^rrn^yrn ® Z k \\ = ^ \ a m,k\ 2 \\ T Vm ® Zk\\l 

< ll T ll 2 ^2 \ a ™M 2 \\y™ ® z k\\l 

= \\ T \\ 2 \\ ^a m ,ky m ® z k \\l- 



□ 



Remark 4-3. If it were possible to pass to subsequences of the bases (y m ), (zk) for 
which each still spanned X p and the image (Ty m <g> z k ) was unconditional then 
the average over signs could be removed from the conclusion of Proposition 4.2. 
Unfortunately we do not know if this is possible. 

In view of Proposition 4.2 we can usually assume that we have passed to the 
subspaces Y and Z and thus for the given bases of X p , 

(T2) WTixiQyrfh < \\T\\\\xi ® yj \\ 2 , 

for all i,j G N. 

The next result shows that diagonal blocks of the basis of X p <g> X p must be 
mapped by a bounded operator from X p ® X p into a (p, 2) — sum so that the norm 
|| ■ || 2 is well controlled. In the computation we will use some of the other norms 
from the formula in Proposition 1.3, so we introduce special notation for them. For 
each i G N, let 



and 



n,m 



Then define 
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and 

II $> n , m e n ® 411c = (E IIG ® e'Jft) 1 '* = £(^^Xf /2 ) 1/p 

n,m i n,m i n 

Finally, define 

|| fln.mCn <S> C m || p = ( ^""] 0^ m ) 

n,m n,m 

Thus if 2 G X p ® X p , we have 

= max{||z|| 2 , \\z\\ R , \\z\\ c , \\z\\ p }. 

Lemma 4.4. If (Y n ) is a sequence of sub spaces of L p [0, 1] C — unconditional 
bases and T : X PjW <g> X P)W — > Yn) P ,2 is an isomorphism and (z n ) is a sequence 
of norm 1 elements in X PyW ® X PjW such that 

a. (z n ) is block diagonal, i.e., there exist increasing sequences of integers (rrij) and 
(pj) such that zj = (Q mj+1 - Q mj ) ® (Q Pj+1 - Q Pj ) z j f or all 3, 

b. (Tz n ) is a block of the basis of (^2Y n ) Pj 2, 

c. there exists an increasing sequence of integers (M n ) such that 

\\(I-P Mn )Tz n ^\\=0 

- P Mn )Tz n \\ 2 > ||T||C||z n || 2 for all n 

, N v 1/2 

[Y,\\z n \\lj <iV 1/p for all N 

Proof. We estimate the norms of Yl z n an d J2Tz n . Clearly || X^nlh = 

E Iknlll) 1 ^ 2 an d || X^nllp < (Yl \\ z n\\ p ) 1 / p - Moreover, because the sequence (z n ) 

is block diagonal H^nll 35 ) 1 ^ 33 dominates the mixed norms, 

11 5>niu = (£ ii^ E^ii2) 1/P and ii = (£ n c * E^ii2) 1/P - 

n in n in 

On the other hand if (r n ) is a sequence of Rademacher functions and FcN with 

|F| = N, 



and 



Then 



Zn | 

neF neF 



iTHmax^.C^IWW^imillE 

J || ^ r n Tz 



n\\2 

nEF 

/2 



= (£ ii^ul) 1 ' 

neF 

>{Y.W( I - p M n )Tz n \\W 

neF 

>C\\T\\{Y,\\Zn\\ 2 ) 1/2 . 
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Therefore, N 1 '* > (£ neF lkn|| 2 ) 1/2 - □ 

Let (w n ) be a sequence in (0, 1] which decreases to and let w Uj k = w n for all 
n, k G N. Throughout the next few sections (w nj k) will denote a doubly indexed 
sequence of this type. For the space X p ^,( Wn k ) only some subsequences of the 
basis are again bases of X Pj2j ( w > ) for some (w' n ) satisfying (*). The next definition 
contains a large enough class of such subsequences that we can restrict to this class 
for various gliding hump arguments. 

Definition 4.5. A subset S of N x N is said to be rich if there exists McN,M 
infinite, such that for every m G M, {(m, k) G S : k G N} is infinite. 

The rich sets are a fairly nice class from a combinatorial standpoint. For example 
if S is a rich set and A C S then either A or S \ A must contain a rich set. Also if 
A contains a rich set, K, then there is a maximal rich set K' with K C K' C A. 
Indeed K' = {(m, n) : \{m} x Nfl A\ = oo}. Another important point for us is that 
rich sets can be constructed by an induction procedure which imitates the usual 
method of showing that the rationals are countable. 

In X p <S> X p each row and column is isomorphic to X p , but || • H2 is affected by 
the choice of row or column. Previous results in this section show how the norm 
|| • || 2 in X p (Lemma 4.1) or in X p ® X p (Proposition 4.2) is "felt" by an operator 
at least on the basis vectors. In the next result we see that it also "felt" on each of 
the row and column spaces. This phenomenon is more subtle since it is caused by 
the other rows and columns. 

Proposition 4.6. If (Y n ) is a sequence of sub spaces of L p [0, 1] with C— uncondi- 
tional bases and T : X p ^ Wn fc ) <E> X p ^ Wn fc ) — > (Yl Yn)p,2 is an isomorphism, then for 
every e > there exists a rich subset K of N x N and for each k G K , there is an 
integer M K such that 

\\{I-P MK )Tz\\ 2 <\\T\\Cw K (l + e)\\z\\ 
for all z G [x K ] (g> X p ^ Wn fe ), where Pm k is the restriction operator from (Y^=i ^n) 

Proof:. First we fix m, n and suppose that there is no such M for some e and 
[#m,n] ® X p j Wn k y Then let (Si) be a sequence of positive numbers tending to 0. 
We may inductively choose a sequence of unit vectors (zm,n,fc)fc^=i m [^m.n] ® X p ^ w 
and an increasing sequence of positive integers (Mfc) such that 

\\(I - P Mk )Tz m ^ k -i\\ < Sk for all k 

and 

\\(I - P Mk )Tz m ^ k \\ 2 > \\T\\Cw 

m,n- 

By passing to a subsequence if necessary we may assume that there is a zq such 
that for each k, z m ,n,fc =z o+4ni' ( z 'm n k) ^ s a (perturbation of a) block of the 
basis of [ic m , n ,fc] ®^p,(w„ fc )) an d (Tz' mnk ) is (a perturbation of) a block of the 
basis of (X)^m)p,2 which is disjoint from Tz . Observe that for sufficiently large k 

ll/r t> II ■ — / 1 i ,MIt-i|I/^<».. M II 
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Thus we may assume that z = 0. 

If for some m there are infinitely many n for which there is no M m>n , then by a 
diagonalization argument we can find a sequence (2 m ,n,fc(n))n6JV and an increasing 
sequence of integers (M n ) such that 

- PM n )Tz m ^ Mn) \\ < S n for all n 
- PM n )Tz mjnjk ( n )\\2 > \\T\\Kw m , n . 

We may also assume that if £ mj n,fc(n) = x m,n 

® Cn then (Cn) is a block of the basis 

Of -Xp,(tu„, fc )- 

Because io m , n is the same for all n, Lemma 4.4 and a perturbation argument 
shows that this is impossible. Thus for any m there are only finitely many n 
for which the required integer M m n does not exist, and K may be obtained by 
discarding these finitely many n for each m. □ 

We will now see that the estimate on the norm || • || 2 actually reduces the tail to 
an £ p sum. 

Corollary 4.7. Suppose that (w n ,fc) is a sequence of positive numbers as above, 
T is an isomorphism from X p ^ Wn fc ) <E> X p ^ Wn fc ) into (X)^n)p,2 as Proposition 
4-6. Let Sm be the map from (X)^n)p,2 into (XmLiw+i ^»0p anc ^ ^ -^m &e the 
natural projection from (X)^n)p,2 on ^° (X)n=i Y n)p,2- 27ien i/iere exists a ncA set 
K C N x N and /or each k E K an integer M K such that (Sm k + Pm k )T is an 

isomorphism from [e K ] ® X PjW into (Y. n =i Y n) P ,2 © (E^=m k +i Y n)p, where (e n , fc ) 
is t/ie natural basis of X p ^ Wn k y 

Proof. First we find a rich set K' as in Proposition 4.6 with e < 1. Because w n [ 
there is a rich set K C K' such that 4C||T _1 1| \\T\\w K < 1 for all k e K. From 
Proposition 4.6 we have that for z G [e K ] <8> X p fc ), 

||Tz||| = ||(/-P M jTz||i + ||Pm k Tz||2 

< ||T|| 2 C 2 4sup«;2|| 2 ||2 + \\p M Tzf 

(by Proposition 4.6 and || • || 2 < || • || in (X)^n)p,2) 
(4-7.1) < ll^lli/dlT-l^ + UPM^T^II 2 

since by the choice of K', \\T\\ 2 C 2 4 sup w 2 . < ||T _1 ||~ 2 /4. For any z G [e K ] ® 

IIT" 1 !!" 1 ^!! < ||Tz|| 

= max{||Tz|| 2 , ||(P n+1 - P n )Tz\\^} 
< max{(||T|| 2 C 2 4sup«; 2 ||^||^ + \\P M Tz\\ 2 ) 1/2 , 

oo 

\\P M Tz\\ + ( \\{Pn + l-Pn)Tz\\l)^} 
n=M K + l 



If 



t\\rr\\2n2 a „ 2n i|2 , ii n i|2\l/2 ^ \ IIt"— 1 II — 1 II _l I 
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then by (4.7.1) 



i-i i 



z\\ 2 <\\zU/(\\T-^4) + \\P M Tz 



and consequently 

IIT- 1 !!- 2 !!^! 2 ^) < \\p M Tzf. 

Thus 

||T||||T- 1 ||||P M( ,Tz||>/l2/3> ||Tz|| 

in this case. 

It follows that \\((S Mk +P m JT)- 1 \\ < \\T\\ HT" 1 \\VV2/?,. □ 

Remark 4-8. For a general isomorphism from X p ® X p into (52^n)p,2i we cannot 
hope to show that there is a bound oo > M > M K . To see this notice that there 
is a simple isomorphic embedding of X p ^ Wn) <g> X p ^ Wn) into (52 x P ,(w n ))p,2,(w n ) © 
(52 X p ,( Wn ))p,2,(w n )- Let (e n ) and (e' n ) be copies of the natural basis of X p ^ Wn y Let 
(dkj) and (d^, ■) be two copies of the natural basis of (52 X p ,( Wn ))p,2,(w n )- Define 
T(e n <S>e' m ) = d n>rn @d' m ^ n and extend linearly. It is easy to see from Proposition 1.3 
and the definition of the (p, 2) — sum ( or Corollary 2.9) that T is an isomorphism. 
Obviously no uniform bound on (M k ) k6 k can be found for this operator and any 
rich set K. 
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5. Selection of bases in X p <g> X p 

Because of the multi-index nature of the natural basis of X p ^ Wn fc ) ® -Xp,(w„ k ) 
and the technical complexities of gliding hump type arguments with respect to a 
multi-index, we introduce a method of producing subsequences of the basis which 
still span a copy of X p ^ Wn fc ) <g> X p ^ Wn fc ) but which can be used without directly 
worrying about the nature of the underlying index set. We will use a fairly general 
setup in this section which may be applicable to other bases with complicated 
natural orderings. 

Definition 5.1. Let X be a Banach space with basis (xi). A set S of infinite 

subsets of N is K -admissible for (x^ if 

(1) For each n E N and S E <S, {n, n + 1, . . . } n S E S. 

(2) Ne5. 

(3) For each S E S, (xi)i e s is a basis for a subspace of X which is K-isomorphic to 
X. 

Definition 5.2. Suppose that X is a Banach space with basis (a^), r is a topology 
on X, and S is a admissible subset of 2 N for (x^. We will say that (xi) has SP 
(selection property) with respect to r and S if there is a winning strategy for the 
second player in the two player game described below. 

(0) S' = N. 

(1) On each turn n, n = 1, 2, . . . , the first player must define a multi-function F n on 
X with range F n C {0, 1, 2, ... , iV n }, iV n finite, and F" 1 ^') is r-open for each j 
and a set S n E S with 5 n C S^-i an< ^ 0i> • • • > *n-i} C S^. 

(2) On the turn n the second player must choose an integer i n E S n , i n > z n _i, and 
a set S' n E S with 5^ C S n and {zi, z 2 , . . . , z n } C S' n . 

Player 2 wins if (and only if) {x ik : k E N} is in S and F n (x i:j ) is constant for 
all j > n. 

In the game the function F n given by Player 1 defines a r-open cover of X and 
Player 2 is forced to choose one of the sets, O, from the open cover and select all 
further elements for the subsequence from O. Usually it will not be necessary to 
define the multi-functions F n on anything more than the r-closure of the basis (xi). 

In X p the most useful basis is indexed by N x N. To treat such cases we will use 
an order like that used to enumerate the rationals. To this end let (phe a bijection 
from N onto N x N such that 4>(j) 1 + (p(j) 2 < (p(i) 1 + 4>(i) 2 if j < i. (Here we 
use superscripts to denote the coordinates of elements in N x N, e.g., (n, k) 1 = n.) 
We order the basis of X p ^ Wn fe ) as (x ( f > ^)°^ 1 . The admissible set S in this case is 
</> -1 ({M CN®N: there is an infinite Af'cN such that for each n E N', (n, k) E 
M for infinitely many k and (n, k) M for all n N' and k E N}). 

If M is an infinite subset of N and i E M then o(i) will be the ordinal of the 
element in M as an ordered set with the inherited order. If there is some ambiguity 
about which set is under consideration, we will add the set as another parameter 
as in o(i, M). 

Lemma 5.3. The standard basis of X p r Wn k \, where {w n ^) satisfies (*), has the 
SP with respect to the weak topology and the class S defined above. 

Proof. Let (x nj k) be the standard basis of X p ^ Wn k y We will use induction to choose 

„ „..u„ \ r l„ ™\ . „ ' ^ t\t ™ r- Ti/r ~\ /— x( c\ 
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For notational convenience we will assume that G F~ 1 (0), for each m. If 
A G 4>(S), A 1 will denote {n : (n, k) G A for some k}, the projection of A into the 
first coordinate. 

Consider F\,Si_. We have assumed that G F 1 _1 (0). Because w-\imk x n ,k = 0, 
for each n G ^(Si) 1 there exists M Uj i C (n x N) fl 4>(Si), M n> i infinite, such that 
-Pi(^n,fe) = for all n and all k G M n> i. Let i\ = _1 ((ni, fc)) where o(ni, ^(Si) 1 ) = 
1 = ^(l) 1 and o(fe,M ni ,i) = 1. Define S[ = ^{U^^yM^). 

Let Player 1 choose the multi- function F 2 and S2 C SJ, with £2 G 5. Because 
^2(0) = and w- \ivn.k:(n,k)€M n 1 x n,k = 0, for each n G ^(S^) 1 we can find an 
infinite subset M n;2 of M^ifl^S^) such that F 2 (x nj k) = and %\ < </> _1 (n, fc) for all 
k G M n>2 . Let i 2 = </> _1 (n 2 , fc) where o(n 2 , </>(^ 2 ) 1 ) = (/H2) 1 and o(k, M n2 , 2 ) = </>(2) 2 
and let S 2 = f ^U^^jiM^). 

Suppose we have chosen %\ < i 2 < • ■ ■ < i m -i, and M n ^ m -\ = 4>(S' m _ 1 ) fl (n x N), 
for all n G (^(Sm) 1 . Let Player 1 choose F m and 5" m . Because F m (0) = and 
w- ]*nik:(n,k)€M n m _i ^n,*; = 0, for each G (^(SVn) 1 we can find an infinite subset 
M n>m of M n)m _i n 0(-S m ) such that F m (x nj k) = and i m -i < /c) for all 

k G M n>m . Let i m = ^ _1 (n m , fc) where o(n m , </>(5' m ) 1 ) = (^(m) 1 and o(k, M nmtm ) = 
<p(m) 2 and let S' m = f ^U^^jiM^). 

In this way the subsequence (x^.)) satisfies F m (x ( f > ^ j -j) = for all j > m. 
Moreover since for any j > m, o((/>(z m ) 1 , (^(S'j) 1 ) = ^(m) 1 and o(</>(z m ) 2 , {(/>(zj) 2 : 
^fe) 1 = (^(m) 1 }) = # m ) 2 = o(^(m) 2 , N), { ?J : j G N} is in 5. □ 

In the next result we pass to a tensor product. We will not define a class of 
admissible sets for the product index set but instead use the game in each factor to 
accomplish our goals. Below we use an unspecified tensor product of two Banach 
spaces. The only property that we require of the tensor product is that \\x <g> y\\ < 
\\x\\ \\y\\ for all x, y. 

Proposition 5.4. Suppose that (xA and (yj) are shrinking unconditional bases 
with SP with respect to the weak topology and admissible sets S(X) and S(Y), 
respectively, and that T is a bounded operator from [xi ® yj : i,j G N] into a space 
Z with normalized shrinking basis (zk). Then given e > there are I G S(X) and 
J G S(Y) and finite subsets N i} j ofN such that 

V Eie/,jeJ W T ( x i ® yj)\i*\Ni,j II < e 

2) N(i,j) n N(i\f) = ifi' ^i and j ^ f ; i = i' , j ^ j' and max(o(j), o(j')) > 
o(i); or i ^ i' , j = j' and max(o(z), o(i')) > o(j). 

Proof:. First let e(i,j) > such that -e(i,j) < e, and e(i,j) is decreasing, i.e., 
e (hj) < e i}'i3') if * < < j'- We will use two interweaving games to choose 
the sets / and J and subscript the associated functions by X or Y to keep the 
notation straight. We begin the games with only trivial conditions: F x ,i and F Y ,i 
are constant functions and Sx,i = Sy,i = N. Let be the first elements chosen 
in each of the games and S' x ± , S Y y be the resulting elements of S(X) and S(Y), 
respectively. Choose a finite subset Ni^ of N such that <8> 2/ji)|n\jVi Jl < 

Let 7/i = {l,2,...,maxiV M }. Define F^x^y) = if £ fc6rn (^(r^ <8> y)\ < 
e(l,2)/2 and Fy, 2 (y) = 1 if £ fce(jl |4(T^ > e(l,2)/3. Let 5x,2 = S' XA and 

5^,2 = S' Y1 . 

Player 2 must now select such that Fy 2 (j/j 2 ) = because {T{xi x <S>yj)) con- 

,„„ j-„ r\ l.i.. r^i „„ „ -C„;-i-„ „..u„„-i- at „( w \ „ „ u -i-U„-i- IIt^/™ ,0, 
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% 2 )In\jv 1i2 || < e(l,2). 

Let 772 = {1, 2, ... , max(iV(l, 1) U AT(1, 2))}, 

F x , 2 (x) = if max £ |z£(T(x ® % -J)| < e(2,2)/2 

and 

F X)2 (x) = 1 if max £ |^(T(x® %s ))| > e(2,2)/3. 

kEr/2 

Let >Sx,2 = 'S'x.i- 

Player 2 in the X game must choose i 2 such that Fx,2(xi 2 ) = 0. For fc = 1,2 
choose a finite set AT(2, fc) C N \ 772, such that \\T(xi 2 <E> yj fe )|N\7V 2 fc II < e (2, fc). 
Let 773 = {l,2,...,maxU s < 2 ,t<2A r (s,^)}, 

FyM = if max E I^CH^ ® v))\ < e ( 2 > 3 )/ 2 

and 

F Y , 3 (y) = 1 if max £ |zJ(T(x <B , ® y))| > e(2,3)/3. 

Let SV,3 = »S'y2 - 

Player 2 in the Y - game must choose js such that Fy^iViz) = 0. For fc = 1,2 
choose a finite set iV(fc,3) C N \ 773 such that ||T(x ife ® 2/j 3 )|N\iv fc 3 || < e(fc,3). 

This completes the first few steps of the induction. Assume that ii,...,i r 
and ji, . . .j r +i are known and the corresponding sets N(n, to), n = 1, 2, . . .r, to = 
1, 2, . . . , r + 1 have been chosen. 

We continue with the r + 1 turn of the X game. Let 

r? 2r = {1,2, . . .,maxU s < rjt < r+ iA/"(s,t)} 

and 

F Xtr+1 (x) = if max £ \z* k (T(x ® y js ))| < e(r + 1, r + l)/2 

s<r+l * — * 

and 

F x>r+1 (x) = lif max ^ |^(T(x ® y is ))| > e(r + 1, r + l)/3. 

s<r+l z — ' 
k€T]2r 

Let Sx,r+1 = 'S'x.r- 

Player 2 in the X game must choose i r+ i such that i r x,r+i(^i r+ i) 
fc = 1, 2, . . . , r + 1 choose a finite set N(r + 1, fc) C N \ ??2r such that 
2/jJ|NVv r+1 ,J| < e(r+ l,fc). 

Let ?72 r+ i = {1,2, . . . ,maxU s < r+ i )t < r+ iAT(s,r;)} and 

F Y!r+2 (y) = if max ^ \4(T{x in , <g) y))| < e(r + 1, r + 2)/2 

n'<r+l ' 



= 0. For 
||T(x i2 ® 



TENSOR PRODUCTS AND INDEPENDENT SUMS 



35 



and 

Fy, r+2 (y) = 1 if max \4(T{x in ,®y))\>e(r + l,r + 2)/S 

n'<r+l L — * 

Let Sy,r+2 = &Y,r+l- 

Player 2 in the Y game must choose j r+2 such that F Y ,r+2(yj r+2 ) = 0. For 
k = 1, 2, . . . , r + 1 choose a finite set iV(fc, r + 2) C N \ ??2r+i such that 

\\T(x ik ®^ r+2 )|N\iV(fc,r+2)|| < e(k,r + 2). 

It is easy to see that we have now completed the next step of the induction and 
the result follows. □ 
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6. X p <g) Xp-PRESERVING OPERATORS ON X p <g> X p 

The purpose of the section is to prove a criterion which guarantees that an oper- 
ator on X p <S> X p preserves isomorphically a copy of the space. Similar results exist 
for spaces with an unconditional basis which have many subsequences equivalent 
to the original basis. The tensor product makes the combinatorics more difficult 
here. In Proposition 5.4 we were unable to get completely disjoint blocks. In order 
to use the SP for the basis of each factor of X p <g> X p to get really disjoint blocks 
it is necessary to have some quantitative information. The next two lemmas give 
us estimates of how many vectors we will need in order to insure that we can get 
reasonable disjointness for a step of a gliding hump argument. 

In the next lemma we make use of the concept of a lower £ r -estimate. We say 
that a basic sequence (z n ) has a lower £ r -estimate with constant C if (and only if) 

\\J2 a nZn\\>CC£a r n ) 1/r 

for every sequence of real numbers (a n ). 

Lemma 6.1. IfT is an operator from X p < w \ into a space Z with a basis (z n ) and 
normalized biorthogonal Junctionals (z*) such that for some r > 2, (z n ) satisfies a 
lower i r estimate with constant C, then for any k G N and \\T\\ > e > 0, 

wl p/( - p ~ 2) < ||T|| r 2£; r+ 7(e r C r min{< : \ < i < k}), 

nEF 

where (x n ) is the standard basis of X p ^ Wn ^ and 

F = {n: \z*(Tx n )\ > ^ or \z*(T Xi )\ > ^ for some i < k}. 

k k 

Proof For 1 < i < k let F; = {n : \z*(Tx n )\ > ^} and let G % = {n : \z* n (T Xi )\ > 
Then for n G F, n G Fj or G{ for at least one %. For n G Fj let a n = 

w (p+2)/(p-2)_ Then 



anXnW = max{( «>n) 1/2 , ( E 

nEFi nEFi nEFi 

= max{( E wtr /{p - 2) ) 1/2 , ( £ < (p+2)/(p " 2) ) 1/p } 

nEFi nEFi 

< max{( E ^ /(p " 2) ) 1/2 , ( £ ^/tP- 2 )) 1 /"}. 



Let VFi = XlneFi w n P ^ P ^ ■ For each i and choice of signs cr n , 

\z*(T «na n x n )\ < ||T||max{W i 1 ^W i 1/p }. 

nEFi 

Thus 

eWt/k = ^n P/ip ~ 2) /k = ew nK\/k < W T W max{W, 1/2 , W] lv }. 
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If Wi > 1 then W] 12 > W] lv and hence W t < \\T\\ 2 k 2 /e 2 ; if W % < 1, 
W . < || T ||P/(P-i)fcP/(P-i)/ e P/(P-i) < ||T|| 2 A; 2 /e 2 

also. 

For each i < k, 

\\Txi\\ >C(J2 \ z *n( Tx i)\ r ) 1/r > Cew i k- 1 \G i \ 1 / r > Ce Wl k-\ ^ iu^/Cp- 2 )) 1 ^. 

neGj n6G, 

Thus E neGl ^ /(? " 2) < F||T||7(e^<). Let = EneG, ™n p/(p ~ 2 . 
Then 

A: 

||T|| 2 fc 2 ||T|| r A; r 
\\T\\ r 2k r+1 



e r C r mm{wl : 1 < % < k} 



□ 



Notice that if a finite sequence of positive numbers (e$) is specified in advance 
and some control on min{w[ : 1 < i < k} is given, it is possible to predict the 
number of elements required to produce an approximately blocked image. To be 
more precise we have the following. 

Lemma 6.2. Let (ej) be a sequence of positive numbers, C, D, wo G M + and K e N. 
There exists an integer No, such that if T is an operator from X . ,n into a 

PA w n) n = l 

space Z with a basis (z n ) and biorthogonal functionals (z*) such that for some 
r > 2, (z n ) satisfies a lower i r estimate with constant C, w n > wo for all n < N, 
and \\T\\ < D, then there exist {nj : 1 < j < K} such that for 1 < i < j < K, 

\^{Tx n .)\ < ejW n ./(j - 1) 

and 

K 3 (Tx ni ) \ < eiW n J(j - 1). 

Proof. We use induction on K. Notice that if K = 1, the requirements are vacuous, 
i.e., Nq = I works. If true for K, let N(K) denote the required integer. We 
need a sufficiently large N(K + 1) to apply Lemma 6.1 with e = ex+i (We may 
assume that ex+i = min{ej : 1 < j < K + 1}.), k = K, Zi = z ni , and the basis of 
X p ( Wn ) reordered so that x ni is the ith basis vector and the remaining basis vectors 

follow" these. Then, because ES+i ^ p/(p " 2) > ESS w 2 p/{p ~ 2 \ if (N(K + 
1) - (K + l))wl p/ip ~ 2) > D r 2K r+1 /(eK+iWoC) r , the inductive hypothesis gives us 
{ni : 1 < i < k} and Lemma 6.2 will produced rik+i G {K + 1, . . . , N(K + 1)}. □ 

With these lemmas we can now show that operators on X p ®X p with a significant 
diagonal are isomorphisms on a subspace isomorphic to the whole space. The proof 
makes use of the basic technique of [CL]. The problem here is to overcome the 
technical difficulties in getting a large block basic sequence. 
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Proposition 6.3. Suppose that T is a bounded operator on Xp^ Wn fc ) ® X p ^ Wn fc ) 
such that there exists e > with k <g> y* m j)(Tx n} k <8> 2/m,j)| > e f or a ^ n > k, m,j. 
Then there are rich subsets K, J of NxN such thatT\[ Xn k ® Vm -:(n,k)eK,(m,j)eJ] ^ s an 
isomorphism. Moreover, T([x Hj k ® Vmj '■ (n,k) G K, (m,j) G J]) is complemented. 

Proof. First observe that if J, K are rich subsets ofNxN and 

Z = [x n;k ® y mjj : (n,k) G K, (m,j) G J], 

then we can restrict our attention to Z. Indeed, because the basis of X p ^ Wn fc ) (g) 
X ft ( MJn fc ) is unconditional, we can compose T\z with the basis projection P onto Z 
and a diagonal operator D on Z such that D{x n ^ ®y m ,j) = ((^ & ®ym,j)C^ x n,k ® 
ym,j))~ 1 Xn,k <8> Um,j for all n, k,m,j. The result will be obtained by showing that 
K, J can be chosen so that the resulting composition is a perturbation of the identity 
on Z. As in [CL] this will imply that T(Z) is complemented since for any z G Z, 
(TDP)Tz = T(DPTz) « Tz. 

By Proposition 5.4 for any 5 > we may find rich sets if', J' and finite subsets 
of N 4 , iV fcJ , A; G K', j G J' such that 

(!) Efc 6 K',i6J' ll^fc®yj)|N4\JV fc ,J| < ^ 

(2) N(k,j)f]N(k',f) = if k' ^ fc and j ^ /; if fc = fc' and max(o(j), o(j')) > o(fc); 
or if j = j' and max(o(fc), o(fc')) > o(j). 

If 5 is sufficiently small, it follows from standard arguments that if r/ n = {j : 
o(j) < o(n)} and = {fc : o(fc) < o(m)} for all n G K',m G J', then T(Z) is 
isomorphic to the UFDD 

^2 [ T ( x n ® yj)\u{N(n,j):j€r, n ■ j & Vn] © l T ( X k ® y7n)\u{N(k,m):kev' m : fc G '/ml' 

n€K' meJ' 

In particular, if 5 < e, then (i, j) G iV(i, j) for alH, j. We need to refine the index sets 
J', K' further to get an actual (perturbation of a ) basis rather than a UFDD. To 
save the notational burden of carrying a set of error terms through the computation 
we will assume that ||T(xfc <E> 2/j)lN 4 \7V fe ■ II = for all fc G K',j G J' . 

Let (ei) be a sequence of positive numbers such that Yl e * < where 
e' < min(l,e). We will use the estimate in Lemma 6.1 repeatedly in the proof, 
but its exact nature is not used. The important thing is the dependence only on 
r, C, e, fc, minjiUj : z < fc}, and ||T||. In this proof r = p, C = 1 and ||T|| are fixed, 
so we will denote the estimate by H(e, w, fc), where w — min{wi : i < fc}. 

We will essentially follow the two game argument of Proposition 5.4 but this 
time make more careful choices. We will again make use of the admissible class S 
for X p ^ Wn fc ). As before the selection of is not controlled. The choice j 2 is 

more critical since we must make the contribution to the support of Tx^^ <S> V^a^) 
small for all i in some set in the class S(X). 

For each j G S' Y1 , j > ji, let 

Kj = {i : i G S' x ^ \{x* Hi) ® yl {ji) )(T X(j) (i) ®y<M))\ < eiw Hj) , 

and l(^(o ®yl(j)){ Tx <t>{i) ®y<t>ih))\ < e i^(ii)}- 

We need to show that {j : Kj D K'- ? i\ G K', and Kj G S(X)} U {ji} contains a 
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will first show that for almost all j there exists K'- C Kj such that Kj G S(X). 
For each i, by applying Lemma 6.1 to the operator Tj : [x^ <g> y^j) '■ j G N] — > 
[a^(») ® ^0) : J e {j'i} + (N \ {j'i})] defined by 

T i(z) = ® yl( n) (Tz)x Hl) <g> y Hjl) + J2 x h) yh)( Tz ^ x Hi) ® ^0)> 

we have that J2j-igKj w 4>(j) ^ ^ -^( e u {w^^)}, 1). If for some j, contains 
no subset which is in S{X), then 4>(Kj) n ({m} x N) is finite for all but finitely 
many m. Lemma 6.1 implies that X^^j) 2 '' over such j must be no more than 
H(ei, {w^ji)}, 1)- Indeed, if the sum exceeded this bound then there would be a 

finite set F of such j such that J2jeF w 1(j) ^ > -^( e i' O^Cn)}' "'■)• Then smce no 
subset of Fj is in S(X), there would be infinitely many m for which (f)(Kj)n ({to} x 
N) is finite for all of those j G F. Thus for any i G <Sx-,2\Ujg Ti would violate the 
conclusion of Lemma 6.1. In particular for those j such that <f>(j) G ({(fi(ji) 1 } x N), 
we have that = ^(jj) and thus only finitely many of these Fj will fail to 

contain a subset If'- as above. Similarly, if F C {j : Kj ^> Kj 9 i\ G F' , F'- G 

<S(X) but 3F C F,,F G S(y)} and E jeF ^(^"^ > H(e u {w m) }, 1) then 
4>{Kj) n ({^(zi) 1 } x N) is finite for all of those j G F, thus for any i G S' x ^ 2 \Uj e FKj 
with ^(i) 1 = ^(zi) 1 , Tj would violate the conclusion of Lemma 6.1. It follows that 
the required set Sy,2 exists. 

Player 2 selects j 2 from Sy,2 and selects S' Y2 C SV,2 which is in S(Y) and contains 
{ji, 32}- By our choice of Sy y2: Kj 2 contains K'j 2 such that ii G K'j 2 G 5(1"). Observe 
that this implies that 

\( X HH) ®^0i))( Ta; *(ii) ®V<t>{h))\ < e i w 4>ih)i 

and 

lO^ii) ® y*Hh))( Tx Hii) ® ^(ii))l < e i«ty(ji)- 

The set £ = Fj 2 is our candidate for Sx,2 but we must refine it a little. 
For each i & S' x 1 let 

Ni = {j : j G Sy,2, 1(^(40 ® yl(j))( Tx Hi) ® < e i«V« 

and ®y; (j) )(Tx^ (ll) < eiiity (il) }. 

We need to show that {i : Ni D N[ 9 j u j 2 e G 5(y)} U {z'i} contains a 

set Sx,2 e h G Sx,2, for which (j){S x ,2) H ({^(zi) 1 } x N) is infinite. First 

observe that for i sufficiently large ji, j 2 G iVj. Next we will show that for almost 
all i there exists N[ C iVj such that A^' g «S(y). By applying Lemma 6.1, for each 
j, to Tj : [xw) <g> y^y) : j G N] -> [a^ (il ) <g> y^) : i G {z'i} + (N \ {ii})] defined by 

we have that Yli-jgNi W 4>(i) ^ < H{t\, {w^^}, 1). If for some i, ATj contains 
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many m. Lemma 6.1 implies that J2w^j p ^ over such i must be no more than 
H(ei,{w ( j ) ^},l). Indeed if the sum exceeded this bound then there would be a 

finite set F of such i such that J2ieF w 4?(i) P ~ 2 ^ > -^( e i> i w 4>(ii)}> !)• Then there 
would be infinitely many m for which <j>(Ni) fl ({m} x N) is finite for all of those 
iGF, thus for any j G Sy^X^ieFNi, ^} would violate the conclusion of Lemma 6.1. 
In particular for those % such that <p(i) G ({(^(zi) 1 } x N), = w^^^ and thus 

only finitely many of these Ni will fail to contain a subset iV"^ as above. Similarly, 
if F C {i : Ni N[ 3 j 2 G N(,{j!} U N[ G S(Y) but 3N C N h N G S(y)} 

and E ie F«V(/) (P " 2) > 2tf(e 1 ,{«^ (il) },l), then <j>{Ni) n ({0C?) 1 } x N) is finite for 
j = ji or j 2 for all of those i G F, thus for at least one of / = ji, J2 there exists 
F' C F such that £ teF , «^ (p ~ 2) > #(ei, 1). and j G 5^ 2 \U l6F ^ with 

(ftU) 1 — 4>(j')- This would violate the conclusion of Lemma 6.1 for Tj. It follows 
that the required set Sx,2 exists. 

Player 2 selects i 2 from Sx,2 and selects S' x 2 C iSx-,2 which is in »S(X) and 
contains i 2 }- By our choice of Sx, 2, ^ 2 contains iV^ such that {ji, J2} C N[ 2 G 
«S(y). Note that for all j G iV( 2 , and' s ^ £ G {1, 2}, 

10^(0 ®^(j))( Ta: 0(*t) ®Vm)\ < %swt)-iw^ it) . 

The set S = N[ is our candidate for Sy,3 however we must now refine it further as 
we did above to produce Sx,2- This completes the initial phase of the induction. 

Suppose that we have played r turns of each game to get I = {ii, ■ ■ ■ ,i r } , 
J = {jl, ■ ■ -Jrh J C S' Yjr G S(Y) and I C S' Xr G <S(X). 

For each j e Sy r \J let 

= {z : % G S^.r* K^J(i) ® V%{y)\ Tx <t>{i) ® V<t>{j))\ < ^w m jr 

and K^J(i) ®y*4>(j))( Tx Hi) ®V<t>U'))\ < e rW<t>{y)/r for all / G J}. 

We need to show that {j : .fT, D K', 9 / C and e U J contains a set 

Sy, r+ i G «S(y), J C SV, r+ i for which <p(S Y ,r+i) H ({^C?') 1 } x N) is infinite for all 
j G J. We will show that for almost all j there exists Kj C -fTj such that i£j G <S(X). 
For each i let operator T t : [x^ <g> : j G N] -> [a^ w <g> y^y) : j £ J+(N\ J)], 
where the notation J + (N \ J) means that the elements in J precede the others, 
defined by 

jeJ j(£J 

By Lemma 6.1 for each i, Yj-.i^K, w f{j)^ < -^( e ^ mm { w <K.f ) : / ^ r ) If f° r 
some j, contains no subset which is in «S(X), then <fi{Kj) fl ({m} x N) is finite 
for all but finitely many m. Lemma 6.1 implies that w ^j) P ^ over suc ^ 3 m ust 
be no more than H(e r , min-ftu^-/) : j' G J},r). Indeed if the sum exceeded this 

bound then there would be a finite set F of such j such that J2jeF w T(j) P ~ 2 ' > > 
H (e r , min{w : j' G J},r). Then there would be infinitely many m for which 
4>{Kj) fl ({m} x N) is finite for all of those j G F, thus any i G 5^ r \ Uj E pKj 

...„„u ,.:„i„j-„ j-U„ 1„„: — „f t „™™„ ci t„ „„„^;„..i„„ f — j-u„„„ '■ „ u j-U„j- 
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4>{j) G ({(p(j') 1 } x N), for some j' G J, = w<i>(j') and thus only finitely 

many of these Kj will fail to contain a subset K'- as above. Similarly, if F C {j : 

KjJK'jbI C Jfy TTj G <S(X) but 37<" C Kj,K <E S(Y)} and £ j6F ^(^"^ > 
r77 (e r , min{it?^(_j-/) : j' G 7},r) then for each z G 7, let F, = {j G F : n 
({(/>(z) 1 }xN) is finite}. For at least one i' G I, X^eF; w T(j) > H{e r , minjw^Q/) : 
j' G 7},r) thus any z G S' x 2 \ Lij e p i Kj with ^(z) 1 = 4>(i') 1 would violate the 
conclusion of Lemma 6.1. It follows that the required set Sy, r +i exists. 

Player r+1 selects j r+ i from Sy, r +i and selects S' Y r+1 C Sy, r +i which is in S(Y) 
and contains J U {j r +i}- By our choice of «Sy,r+i> Kj r +i contains Kj such that 
I C 7T^ +i G 5(y). Note that for all i G 7^ >+1 , and s ^ * G {1, 2, . . . , r + 1}, 

®y*4>Us))( Tx ^(i) < e ((«vt))-i« ; 0(jt)- 

The set £ = Kj is our candidate for Sx,r+i but we must again refine it a little. 
For each i G S \ I let 

Ni = {k:ke 5y >r+1 , <g> yJ (fc) (Ta^ (i) <g> y^ (fc ))| < e r «^ (j) /r 

and <g> y^^iTx^i,) <g> < e r u^ (i ,)/r for all i' G 7} 

We need to show that {i : N { D N< 9 J C AT/, AT/ g 5(1")} U 7 contains a set 
Sx.r+i G <S(X), 7 C Sx,r+i, for which 0(Sx,r+i) n ("OK*) 1 } x N) is infinite for all 
z G 7. First observe that for z sufficiently large J C ATj. Next we will show that for 
almost all i there exists N- C ATj such that A 7 ^ G <S(y). By applying Lemma 6.1 for 
each j, as above, J2i-j^N l w ^{i) ^ ^ H{e r , min-ftu^/) : z' G 7},r). If for some i, 
Ni contains no subset which is in S(Y), then <j>(Ni) fl ({m} x N) is finite for all but 
finitely many m. Lemma 6.1 implies that ^ over suc h i must be no more 

than 77(e r , min-ftu^/) : %' G 7}, r). Indeed if the sum exceeded this bound then there 

would be a finite set F of such % such that Yl l ieF vj2P {i) P ~ 2 ^ > H(e r ,min{w^i^ : 
i' G 7},r). Then there would be infinitely many m for which <j)(Ni) fl ({m} x N) 
is finite for all of those % G F, thus any j G 5 , y r+1 \ U^fA^ would violate the 
conclusion of Lemma 6.1. In particular for those z such that <J)(i) G ({(fi(i') 1 } x N), 
i' G 7, tu^(j) = ty^(i') and thus only finitely many of these Ni will fail to contain 
a subset N- as above. Similarly, if F C {i : Ni 7$ N! 9 J U {j r +i} C AT/, A^ g 
5(y) but 3iV C ATj, N G 5(y)} and E i6 f ^(/) (P " 2) > rH(e r , mm{ W<Kil) : i' G 
7}, r). then 0(A^) n ({(^(j) 1 } x N ) is finite for some j G J U {j' r +i} for all of those 
z G F, thus for at least one of j' = 31,32, • • • , jr+i there exists F' C F such that 
iLieF* w l P (i) P ~ 2) > 77(e r ,min{«^ (i /) : %' G 7},r) and 7 G 5^ r+1 \ U ieF Ni with 
^(i) 1 — 4>{j')- This would violate the conclusion of Lemma 6.1. It follows that the 
required set Sx,r+i exists. 

Player r+1 selects z r +i from Sx,r+i and selects S' x r+1 C Sx,r+i which is in 
S(X) and contains 12, ... , i r +i}- By our choice of Sx,r+i, ATj r+1 contains A^' 
such that {ji, . . . , jr+i} C AT/ G «S(y). The set S = is our candidate for 

Sy,r+2- 

This completes the induction step. 
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(!) \( x %{i s ) ® ylti))( Tx 4>(H) ® < e (sV t)-i^( lt )/(( s v *) - !) for all s ^ t G N 

and j G J. 

( 2 ) IO&J(i) ® yl Us) ){T X<j){i) <g> y^ Jt) )\ < e {syt) _ lW<j){jt) /{{s V t) - 1) for alU G / and 

(3) (g) y*^j)){ Tx 4>{V) <g) y^(j')) = for all i' £ I and j' G J such that z ^ i' and 
j ^ f - i = i' and o(jV f) > o(i)J ^ f; or i ^ i', o(i V i') > o(j) and j = f. 

It remains to show that the restriction of T to Z = [x^ <g> : z G /, j G J] is 
an isomorphism. As noted above we may assume by composing with the projection 
onto Z that T is actually a map from Z to itself and that e = 1. Moreover, we can 
assume that / = J = N by replacing % by o(i,I) and j by o(j, J). Thus with the 
notation appropriately revised we have 

(0) (x% (l) ®y* m )(Tx Hl) ® y m ) = 1 for all 

(!) l( x J(i) ®Vl{j)){ Tx 4>{i') ®V<t>U))\ < eivi'-i^0(i')/(* v *' ~ !) for alii ^ i' G N and 
j G J. 

( 2 ) lO^i) ® y*4,(j))( Tx <k(i) ® < e j\/j'-i w 4>ti')/U y f ~ !) for all z G / and 

(3) ® y$(j))(Tx<p(i') <8> y<t>(j')) = for all i' £ I and j' G J such that i' and 
j ^ j' ; j = j' and j V j' > J''; or i 7^ i', i V i' > j and j = j'. 

We will now estimate ||Tz — z|| for z £ Z with finite support relative to the basis. 

Let z = J2 ie i EjgJ a i.J x 0(*) ® ^0))- 
First we estimate the ^2-norm. 



EE 



=££ 

OO 



X a i',j'( x l(i) ® y*4>{j))( Tx 4>(i') ® w>) 



*',j"eN 



w <t>w w <t>ti) 



i',j"eN 
(*',iV(i>i) 



X ^'Kw ® vh^^w) ® y<t>ti)) 

l<i'^i<j 
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by (3) 



<EE( E 1^1^^+ E I- 



6 i'-l W <f>(i') I 2 ...2 

w Hi) w Hj) 



j=l i<i \ l<i'<i 



i':i<i' <j 



i' -1 



by (1) and (2) 



j<j'<i 



e j'-l W 4>U') I 2 2 

j/ _ 1 I w Hi) w Hi) 



^EE E 1°*', 

j=l i<j V l<i'<i 



— + 2^ i a *'v 



i':i<i'<j 



: 2 e i'- lW 4>(i') 1 2 2 



+ EE E 

%=\ j<i \i<j'<j 



a i,j' 



2 6 Jz} W <t>(f) 

3 



— - — + 2^ Kj' 



j<j'<i 



\2 € i'- lW <K3') 1 ...2 ,2 



by the convexity of V 



oo j'-l 

< EEi^-i 2 ^)^ 

j=l i' = l 

oo i 

+ E E \ a ^'\ 2w h) w lw 



') ( 2^ i - 1 + 2^ v - 1 j 



i\3>i>i' 



:%<V 



■>< E W + E 



i=i j'=i 

< iklli^ 



j:i>j>j 



, 3 



3-3<3 



e i'- lW <t>{j) 
, 3'~1 



Next we estimate the £ p -norm. 



EE 

3 = 1 i<J 



+EE 



i',j"eN 



i<i'/i<j 

E "i'J'Ww ®vh))( Tx <t>{i) ®VM)) 
l<j'^j<i 



(by (3)) 



oo / 

sEE E 

i=i i<i yi<i'<i 



_|_ 



i — i ^ ■ 1 ' J 1 /' 1 

i':i<i'<j 



+EE E 



e j-i«V(j') 



.7 



r + E 



£ J '-1^(3') 

i'-l 
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(by (1) and (2)) 



< 



j—1 i<j \l<i'<i i':i<i'<j 



EE E 



GV. 



f + E 



|p gi'-i^(i') 



+ EEI E i^i pCJ ". 1 ^ ) + E -i /,r;, ~ 1 "'" (,,) 



i=i j<i \i<j'<j 



j<j'<i 



\&i n' 



(by the convexity of t p ) 



E E i^nE^P+E 11 ^) 

j = l i':l<i'<j i:i>i' i:i<i' 

' 7-1 / 1 

i=l j':l<j'<i j:j>j' J j:j<j' 



+E E k^E^f^+E 



) 



The estimates for the two row and column norms are similar so we will only do 
one. 



\\Tz-zf R 
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= E 



E 

/ 



(<',j')/(*.j) 



00') 



< 2 P 



-l 



/ 



E 



E 



E "i'j'Ww yl{j))( Tx <t>{i') ® y<t>w)) 



?1> 



00) 



+ E 



E 

/ 



E ^'.j'C^Jw ®yl{j))( Tx <t>{i')®y<i>{3')) 



2\ 
\ 2 \ 



00) 



2 p 



-l 



+ E 



i=i 



E 
E 



E 



E a *'.i( x 0w ®ylu))^ Tx Hi') ®vm) 

l<i'^i<j 



W 1(J) 



E a *',H4« ® ylu)){ Tx ^{i) ® 2/00')) 
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+ E 
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= 1 \j>i \i' = l 
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Ci-l^(i') 
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+ E 
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E 

i<* \i'=i 



E(EM^f + E 
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\ 



'J 1 



10 



00') 



(by (1) and (2)) 



< 2 P_1 



' i-l 



: E -l"V(i') 



i-i 

+ E K',i 
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(i - 1) 
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Because e' < 1, we have that there is an e' < 1 such that \\Tz — z\\ < e'\\z\\ for 
all z G Z. Thus T\z is an isomorphism. □ 

Notice that in fact we can make the constant e' in the proof above as close to 
as we wish. 

Proposition 6.3 shows that we can focus on the coordinates of an operator on 
X p ® X p in attempting to show that an operator is large. We will use this in 
Section 8 to show that certain operators do not exist. For further development 
of the isomorphic theory it is also necessary to know that there are many natural 
operators on a space. We will finish this section by looking at some of the natural 
classes of operators and some interesting subsets of the natural bases of X p <g> X p . 

Definition 6.4. If T is an operator from X p ^ Wn ^ ® X p ^ w ^ into X p ^ Un ^ <S>X p ^ u ^, 
say that T is (p, R, C, 2) — bounded if it is bounded with respect to each of the 
four norms, i.e., there is a constant K such that for all z G X p ^ Wn ^ <g> X p ^ w ,^, 
\\Tz\\ p < if||z|| p , ||Tz||ij < KII^IIh, 1 1 TzHcr < Kll^llc and ||Tz||2 < i^||^||2- 

Observe that if T\ is a (p, 2)— bounded operator from X p ^ Wn ^ into X p ^ Un ^ and T 2 
is a (p, 2)— bounded operator from X p ^ w ^ into X Pj ( u /j, then T\ ®T 2 is (p, R, C, 2) — 
bounded. Also any basis projection relative to the natural basis of X p ^ Wn ^ <S>X p ^ w ^ 
is (p, R, C, 2) — bounded. Thus there are many such operators. 

Lemma 6.5. If (Fi) and (Gi) are sequences of finite subsets o/N such that max Fj <| 
minFi_|_i and maxFj < minFi+i then 

[e n <g> e' m : (n, m) G Fi x Gi for some i], 

where (e n ) and (e' m ) are natural bases for X p ^ Wn ^ and X p ^ w / ^, respectively, is 
isomorphic to a complemented subspace of X p . 

Proof. Observe that the block subspaces Zi = [e n <g> e' m : (n, m) G Fi x Gi] are 
(p, 2) — complemented in X p ^ Wn ^<S>X p ^ w i ) and that Z — ^ ieN Zi is a natural (p, 2) — 
sum decomposition. Therefore, Z is (p, 2) — isomorphic to a (p, 2) — complemented 
subspace of R p and thus of X p . 

It follows from Lemma 6.5 and the fact that if Y is a complemented subspace of 
X p then Y © X p is isomorphic to X p , [JO], that X p ^ Wn j <S> X p ^ w , ) is isomorphic to 
[e n ® e' m : n ^ m]. Thus the diagonal is a negligible subspace of X p ® X p . We will 
next show that the upper (lower) triangle of X p <g> X p is isomorphic to the whole 
space. Notice that this question depends on the representation of X p . There are 
some representations where the argument follows from a Cantor-Bernstein result 
[W2], [Wojl]. 

Lemma 6.6. Suppose that (w n ) and (w' n ) are sequences in (0, 1] which satisfy (*) 
and that w Uj k = w n and w' n k = w' n for all n G N. Then X p ^ Wn fc ) <g> X p ^ w > j is 
isomorphic to [e^) <g> e^-) : % < j], where (j) : N ^ N xN is a bijection as in Section 
5. 

Proof. It is sufficient to show that (e^ <S>e<j,(j))i<j contains a subsequence which is 
equivalent to the natural basis of X p ^ Wn fc ) <g> X p ^ w > j. Observe that the reflection 
along the diagonal mapping, R, defined by R(e ( p^ <g> e^-)) = e^(j) <S> e^(i)) extends 
linearly to an isomorphism. Because every weight is repeated infinitely often, we 
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L n , i.e., for k E K n U L n , ||e^( fc )|| 2 = w n , K n n L n = and |K n | = |L n | = oo. 
Let •0 n : K n U L n — > if n be injective and satisfy ip n (k) > k for all k and let 
£ n : K n U L n — > L n do likewise. Define -0 : N — > U n _ftT n by ^(i) = if 
z G -ftT n U L n and C : N -> U n L n by ((i) = ( n (i) if i E K n U L n . Define 

Q/ ( r, p \ f e 0(i)® e *(V-(j))' if ^^ 

I e 0(j) <g> e 0(c(l)) , if j < i, 

and extend linearly. It is easy to check that S is an isomorphism. □ 

Lemma 6.7. Suppose that (w n ) and (w' n ) are sequences in (0, 1] which satisfy (*) 
and that w n ^k = w n and w' nk = w' n for all n, k E N. Let (u n ) and (u' n ) be two 
sequences in (0, 1] which satisfy (*). Let (e nj fc), (e' n k ), (d n ) and (d' n ) be the natural 
bases for X p ^ Wn k) , Xp^j, X p ^ Un) and X p ^ u ,j, respectively. Then there is a 
(p, -R, C, 2)— complemented subspace of [d n <g> : n < m] which is (p, R, C, 2) — 
isomorphic to [e^ <g> e^) : z < j]. 

Proof. By [R] there is a block basic sequence (-D n ) of the basis, (d n ), of I Pi ( Mii ) 
which is (p, 2) — equivalent to the basis (e nj k) with (p, 2) — complemented closed 
span. Similarly, there is a block basic sequence (D' n ) of the basis, (d' n ), of X Pj ( u /j 
which is (p, 2) — equivalent to the basis (e' n k ) with (p, 2) — complemented closed 
span. Let P and P' be the corresponding projections. Then P®P' is a (p, i?, C, 2) — 
bounded projection from X Pj ( Un ) <g> X Pj ( u /j onto the subspace [D n <g> D' m ]. If we 
restrict this map to [d n ® d' m : n < m] and compose with a basis projection to 
eliminate any partial support of blocks D n ® D' n , we get the required projection 
and subspace. □ 

Proposition 6.8. Let (u n ) and (u' n ) be two sequences in (0, 1] which satisfy (*) 
and let (d n ) and (d' n ) be the natural bases for X p ^ Un ^ and X p ^ u i } } respectively. 
Then [d n <E> d' m : n < m] is isomorphic to X p ® X p . 

Proof. It follows from Lemma 6.7 with w n = u n and w' n = u' n and an argument 
analogous to that of Rosenthal [R, Theorem 13] that [d n <S>d' m : n < m] is isomorphic 
to its square and to [e^) ® e^^.^ : i < j], with the same notation as in the previous 
lemma. By Lemma 6.6 [e^ <g> e^-) : % < j] is isomorphic to X p <g> X p . □ 
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7. Isomorphisms of X p <g> X p onto 

COMPLEMENTED SUBSPACES OF (p, 2) — SUMS 

Our goal is to show that X P ®X P is not isomorphic to a complemented subspace of 
any R p , a < w\. Because X p ®X p is isomorphic to a subspace of R p 2 the projection 
must play a fundamental role. We have already seen that R p is isomorphic to a 
(p, 2) — sum of spaces R p n In this section we will develop a number of technical 
results which describe the restrictions on a complemented isomorphic embedding 
of X p ® X p into a [p, 2) — sum of subspaces of L p . 

Below we will be working with a (p, 2) — sum of spaces Yj and we will denote the 
natural projection onto [Yj : j < k] by Pk- We will use the sequence space norm 
rather than the norm as an independent sum. In applications to R p we will need to 
change to the independent sum and this will introduce a constant C, the constant 
in Rosenthal's inequality, from the equivalence between the norm on Yj) p 2j ( Wn ) 
and and embedding Y n into L p on independent coordinates and using the L p -norm. 
This change is only an annoying technicality. 

The proof of the next lemma and the one following are somewhat easier if we 
assume that each space Y n has an unconditional basis and that we have done a 
quasi-blocking of the image of the basis of X p <g> X p relative to the unconditional 
basis of Y n ) P)2 as in the conclusion of Proposition 5.4. In that case we can 
arrange things so that some of the error estimates can be replaced by zero and get 
a stronger conclusion. We summarize this as Lemma 7.4 below, but the reader may 
find the proofs of the first two lemmas are easier to understand on the first reading 
if he considers this easier case. 

The first lemma is closely related to the results of Section 4 except that we 
assume that we have a projection onto the range of the operator. Throughout this 
section and the next we will assume that the operator from X p ®X p satisfies (T2). 
There is no loss of generality since by Proposition 4.2 we can always restrict the 
operator to a natural complemented subspace which is isomorphic to the whole 
space and so that the restricted operator satisfies (T2). 

Lemma 7.1. Let T be an isomorphism from X p ^ Wn ^ <g> X p ^ Wn ^ into (X1^j)p,2,(io^) 
satisfying (T2) and let P be a projection onto the range of T . Let p, p' and 5 
be positive constants with p > p' and let (xi) and (yj) be two copies of the usual 

basis for X pAwn) . Suppose that j is such thatwj < ^fjj^jj^rjj||^jj > ( N k)k =1 , and 
(N' k )k =1 are strictly increasing sequences of integers with < N' k < N^+i for all 
k, (-Ffc)fcLi i s a disjoint sequence of finite subsets ofN such that for all i G 

(7.1.1) \x* <g> y*(T~ 1 P(P Nk — P N ' k _ i )T(x i ® yj))\ > p, 

(7.1.2) 

K®y*{T-'P{P Nk -P N . u _ x ) wV^T{x s ®y 3 ))\ < (p - p')wf^/A 

sEF k 

and for all k 



(7.1.h3) 



i > E ^ 2p/(p_2) > ^ 
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Then K < max^" 1 , (||T|| 2 ||T _1 1| \\P\\8/(5 1 / 2 (3p + p'))) 2p/(p ~ 2) }- 
Proof. First by replacing 5 by 5/2 we may assume that for all i G F k , 

x* ® V *^P{P Nh - P NL jT(x t ® y,)) > p, 

that is, they all have the same sign which we assume to be positive. Because (r^Ta^® 
yj)i E F k , where (r^) is the sequence of Rademacher, is orthogonal in £2(0 x [0, 1]), 
there is a choice of signs (e») such that 

(7.1.4) || £ eiW^Tx^yjh < f w^WTx, ® 

Let = XlieFfc e i w i^ P 2 ' ^ x i ® Vj f° r each fc. Since (xj <8> is equivalent to the 
usual basis of X p ^ w .^ it follows from Proposition 0.2 that [zk] is complemented in 
[xi ® yj : i G N] with projection Qi- This in turn induces an operator Q from 
(X)^j)p,2,(tu„) onto [zfc], namely, (J = QiT~ 1 P. Since we will need to do some 
computations with Q, let us be more explicit about its evaluation. 
Let 

4 = (£ - 2p/(p " 2) )- 1 E ^ 2(p " 1)/(p - 2) < ®y;- 

Then Q(z) = Ef=i^(r- 1 P^ fc . 

Let Rk = (PN k — Pn' _ x ) f° r an fe- Now we want to restrict Q to the subspace 
Z = [R k T(zk)} and pass to its "diagonal". Observe that 

(J2w? /ip - 2) )\zUT-'PR k T(z k ))\ 



iEF k 



= I E K 2P/(P ~ 2) « ® y^T-'PRkTixt ® y,)) 

+^ 2(p - 1)/(p - 2) «®y*)(T- i p^ e ^ 2/(p - 2) T(x s ®^-))]i 

. 2p/(p-2) 2(p-l)/(p-2) 2/(p-2)/ / W/1 



ieF k 



(by 7.1.2) 

(7.1.5) = E^ 2p/(P " 2) (3p + p)/4. 

Therefore ||i2 fc Tz fc || > (3p + p')/(4||T|| \\ p \\)- Th us we have that (R k T(z k )) is a 
sequence of non-zero blocks in an unconditional sum with constant 1 and thus is an 
unconditional basic sequence. Applying Tong's Theorem [L-T, Proposition I.e. 8] 
to Q restricted to the subspace Z : we get that the operator Qr>, defined by 

n„(\~^ r,, R, TV, ^ — „ , ^(T 1 - 1 PR, TV. W, 
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is bounded with the norm at most ||T|| ||T _1 || ||P||. 

Now let us estimate the norm more directly. First because R k is contractive in 
both norms. 

\\J2 a kRkTz k \\ < max{QT \a k nR k Tz k \\l) 1 '^ QT \a k \^R k Tz k ^\) x l*} 
<max{(5]|a fc n|Tz fc ||P) 1 /P j 

(Ei^i 2 iE^ 4/(p " 2) n^^^iii) 1/2 } 

ieF k 



(by 7.1.4) 



max{(E|a fc rE^- 2 V^||T|| ; 



< 

,9 



(£i«*i^£i^SW) 1/2 } 



(by (T2)) 

(7-1.6) < ||T|| max{(£ \a k \>) 1/p , (§K(£ K| 2 ) 1/2 } 



2' 

2p/(p-2) 

Next we estimate the norm of the image under Qd- We consider only the case 
k 



since J2i£ Fk w i <!• 
? esti 

a fc = 1 for all fc. Let 4 = T~ 1 PR k Tz k for all fc. 



£4(4)^11 > max{(^|4(4)r £ W f/^- 2 ))V P , 

fe k iEF k 

(Ei4(4)i 2 E- 2p/(p " 2) ) 1/2 } 

> ((3p + / 9')/4)max{(£ £ ^/(p-^i/p 



E E -? p/(!> - 2, ) 1/2 } 



k 



(by 7.1.5) 

(7.1.7) > ((p + 3p')/4) max{(V2) 1/p K 1/p , (5/2) 1/2 if 1/2 } 

Combining the estimates 7.1.6 and 7.1.7 yields, 

\\Q D \\ \\T\\ m^{K^, {l) WjK V*} > {{p - p')/4) m^{(6K/2)^, (5K/2) 1 / 2 }. 

If Kb > 2, then the inequality becomes 

IIT -1 II II Pll HTll 2 max )/4)(Kb/2) 1 / 2 . 
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and thus either 

from which it would follow that 

llT-iiiPiiiiTH^ev^H- > (Zp + p'^ 1 / 2 , 

or 

V^IIT-^IIIPIIIITH 2 > ((3p + p')/4)(5) 1/2 K 1/2 - 1/p . 

Because we have assumed that Wj is small, the former is impossible and the 
conclusion follows. □ 

The next lemma is essentially a reformulation of Lemma 7.1 for the special case 
of the weights (w n ^)- 

Lemma 7.2. Suppose that (xi) and (yj) are bases of X p ^ Wn k y Let T be an iso- 
morphism from X p ^ Wn k) ®-Xp,(to„ ifc ) into (Y. Y j) P ,2,(w n ) satisfying (T2) and let P 
be a projection onto the range of T . Let p, p\ and 5 be positive constants, p > p\. 

Then there exist integers M m , m G N such that if Wj < > {Nk)k=i 

and (N' k ) k=1 are strictly increasing sequences of integers with N k < N' k < N^+i 
for all k, (m(k)) k=1 C N, (#/e)fc=i is a sequence of finite subsets of N such that 
\Hu\ > Af TO (fc) for all k, Hk H H^ = ifm(k) = m(k'), k ^ k', and for all i G H k 

(7-2.1) \ x *m{k),i®y*j{{ P N k ~ PN k _ 1 )Xm{k),i®yj)\ > P 

thenK < max{25- 1 ,(||T|| 2 ||T- 1 ||||P||8/(5 1 / 2 (4p-p 1 ))) 2 P/(p- 2 )}. 

Proof. Fix m G N. For e, = e = Pl w% /(p ~ 2) C = 1, D = \\T\W\T~ 1 ||||P||, 

wq = w m j = w m , r = p and K = S(wm^ P ~ 2 ^)~ 1 , we obtain an integer M m from 
Lemma 6.2. 

We want to construct blocks as in Lemma 7.1. We are already given the integers 
Nk and sets Hk so we only need to refine the H^s to get the sets Fk, define the 
ZkS as in Lemma 7.1 and check the hypotheses of Lemma 7.1. 

First we apply Lemma 6.2. We use the operator QT~ 1 P(P]y k+1 — PN' k )T and 
the sequence (# m (fc+i),n <8> yj) n eH k+1 to obtain a subset F^+i of H^+i of cardinality 
K k+1 = Kw^tlXlf)- 1 such that 

(7.2.2) \x* m(k+1)>i ® y](T- l P{P Nk+1 - P K )Tx m{k+1) , v ® y 3 )\ 

4p/(p-2) + l Ha 

for all i 7^ i', i, i' G Fk+i- (Here the parameters w Ui which occur in Lemma 6.2 are 
not dependent on the index i.) 

This completes the inductive definition of the sets Fj~. It remains to verify that 
our choice of Fk+i verifies the hypothesis of Lemma 7.1. 

First we have that for n G F k+1 , n G H k+1 and thus by 7.2.1 
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By 7.2.2 



X 



( k+ i),n®yn T ~ lp (( p », 



fe+1 



P N' k ) Yl W m(k+l) T ( X rn(k+l),s®yj)\ 



s€F k+1 



< \F k+1 \piw. 



( 4p/(p-2)+l 
m(k+l) 



/16 




} /16 



(7.2.3) 




This shows that the hypotheses of Lemma 7.1 are satisfied with p, p' = p — pi, 



and 5. Thus K < max{2<5 _1 , (||T|| 2 ||T _1 || ||P||8/(5 1 / 2 (4 / o — pi)) 2p /( p ~ 2 )}. □ 



In order to show that there is no isomorphism from X p ® X p into R p with 
complemented range, we will show that any isomorphism from X p ® X p into a 
(p, 2) — sum actually must have a large part in finitely many of the summands. 
The previous lemmas give us tools to use in quantitative gliding hump arguments. 
Lemma 7.3 is the first in a series of lemmas which estimate how much is mapped 
outside a finite number of summands. 

Lemma 7.3. Suppose that T, P, and Pn are as in Lemma 7. 1, < e < 1, and 
Pi > 0. Then there exists an integer N and integers M m , such that if 



Proof. For each m the integers M m are chosen by the criteria established in Lemma 
7.2 with p = e, S = 1/2, and p\. 

Suppose no iVo works for these M m . Then for each iV there exist an m G N, 
N' > N, and a set L m C N of cardinality at least M m such that 



for all s G L m . We will apply this inductively to construct a sequence of pairs of 
integers (Nk,N' k ) and finite subsets of N, (-Pfc), as in Lemma 7.2 with p = e and 
S = 1/2. Suppose we have found iVi, N[, . . . , N k and Fi, . . . , F k . By assumption for 
N = N k there exists an integer nik+i, N' k > N k and an infinite set L mk+1 as above. 

By a simple perturbation argument we may assume that each of the elements 
Txm k+lt i <S>Uj,i G F k+ i is nonzero in a finite number of the summands Y n and thus 
there is an N k+ i such that 



«; J <(4e-p 1 )/(12||T||||T- 1 ||||P||) 



then for each m G N, and N > Nq, 



\{teN: \x* mit ®y* j (T- 1 P(I-P N )Tx m , t ®y j )\ > e}\ < M, 



m 



(7.3.1) 



a4 jS ® y^T-'Pil - P N ,)Tx m , s ® yi )| > e 



(7.3.2) 



PN k+1 Tx mk+1 ^ ® — Tx mk+lji <S> Vj 
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To complete the proof we need to show that if we continue in this way we can 
find K blocks as in Lemma 7.2 and thus reach a contradiction for K large enough. 
However note that we have by 7.3.1 and 7.3.2 

K fc+1 ,n ® y*j{T- x P{P Nk+1 - P Ni )Tx mk+1 , n ® y 3 )\ 



\x 



m k+1 ,n 



y* s {T- x P{I - P N ,)Tx mk+un ® yj )\ > e. 



This shows that with 5 = 1/2 the hypotheses of Lemma 7.2 are satisfied. There- 
fore we have a contradiction for large k and the choice of M m works for some 
N . □ 

As we noted before Lemma 7.1 the proof simplifies and the results strengthened 
if we assume that we have an unconditional basis in the range space. 

Lemma 7.4. Suppose that there is a constant D such that for alln, Y n is a subspace 
of L p with a D -unconditional basis and that (xi) and (yj) are bases of X p j Wn k y 
Suppose that T , P^, and P are as in Lemma 7.1, < e < 1, and j is such that 
Wj < 4e 2 5/(9||T _1 || 2 ||P|| 2 ||T|| 2 ). Further assume that there are finite sets N i} j for 
all i,jeN such that 

(1) T(xi <S> Uj) is supported in N(i,j) 

(2) N(i,j)nN(i f ,j f ) = ®ifi f ^i andj^f;i = i',j^f and 
max(o(j), o(j')) > o(i); or i ^ i' , j = j' and max(o(z), o(i')) > o(j). 

Then there exists an integer N Q such that for all N > N , J2 neF Wm,n P ^ < oo 
where F = {n : \x* n ®y*{T- 1 P{I-P N )Tx n ®y J ) \ > e}. 

Proof. We use arguments like that in the proofs of Lemmas 7.1, 7.2 and 7.3 but we 
use unconditionality to avoid the use of Lemma 6.2. 

Suppose that no such iVo exists and fix 5, 1 > 5 > 1/2 Then we can find a strictly 
increasing sequence of integers (iVfc) and finite disjoint subsets (F^) of N such that 

1 > Yl w2 s P/(p ~ 2) > 5 for each k > 

sEF k 

N(s, j) n N(n, j) = if s, n e U k F k and s^fc, 
and for all n G F k , 



and 



y*AT- x P{!-P Nk )Tx n ® yj )\>e 



PN k+1 x n ®yj = x n ®yj. 



Let x' n = (I — P Nk )Tx n <S> yj for all n G F k and all k. (x' n )neF k ,ken is an 
unconditional basic sequence in (X]^n)p,2- Define an operator S from [x' n : n G 
Fk, k G N] into [x n ® yj : n G Fk,k G N] by QT~ X P where Q is the basis projection 
onto [x n ® yj : n G F k ,k G N]. By Tong's Theorem the diagonal operator Sd 
defined by SD(J2 n a n x 'n) = J2 n a n( x n ® yj(T~ 1 Px' n ))x n (g> yj is bounded. As in 
the proof of Lemma 7.1 choose signs t n such that || ^^ n (zp k t-nWn P ' 'Tx n ®yj\\ 2 < 

to /oMlT'll/'V- 1 ... 2 p/(j)-2)„.2M/2 



54 DALE ALSPACH 

Let 



nEF k 



Zk = ^ enW n^ 2) ^n®2/j, 
neF fe 

and 

Let Q' be the usual projection onto [z^]. Then 

= 4(S D z' k )z k = ( £ wl^^)-\ J2 ^ /(p ~ 2) x* n <»y;(T- 1 Px' n ))z k . 

neF k nEF k 



Notice that |< <g> y^(T _1 Pa4)| > e for all ra. Thus 

1152,11 max{(f; \\zT P ) 1/p , (£ > ll^(f>^ 

K 

> \\J2^ Zk \ 



i=l i=l i=l 

K 



i=l 

> emaxj^) 1 /", (K5) 1 / 2 }. 



Because 



\<h<im\\mY, w % /( ^ 2) tf) 1/2 > 

nEF k 



K 



(^u\\i) 1/2 <(m\\T\\K^ w y 2 . 
i=i 

For K > S~\ if (S/2)\\T\\K 1 / 2 w 1 / 2 > \\T\\K^ P then we have that 

WSdWC^WTWK^w 1 / 2 > e(K5) 1 / 2 . 

But wj < 4e 2 5/(9||^|| 2 ||T|| 2 ), so we must have (3/2)K 1 / 2 w 1 / 2 < K 1 ^ and there- 
fore 

WSdWCWTWK 1 ^ > e(K5) 1 / 2 

or equivalently, 

^<(||^||C||T||/( e 5 1 /2 )) 2 P /( P -2)_ 

Thus the construction can only be made finitely many times and the claimed Nq 
exists. □ 

After our detour into the case of unconditional basis, we continue enlarging the 
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Lemma 7.5. Suppose that (x^h) and (yjj) are standard bases of X p ^ Wn k y Let 
T be an isomorphism from X Pj{Wn k) (g) X P;{Wn k) into (J2 Y j) P M™n) satisfying (T2) 
and let P be a projection onto the range of T . Let Pn denote the projection onto 
the first N summands of (X) ^n)p,2- Let e > and let Mj and Mi be the integers 
given by Lemma 7.2 for p = 3e/4, 5 = 1/2, and p\ = e/4. Then for each i,j such 
that ma,x{wijWj} < (100||T|| ||T _1 || ||P||) _1 , there exist two infinite sets H,L and 
an integer N$ such that for all N > Nq, if L' C L and \L'\ > Mj then 

\{h : \x* ijh ® yl^Pil - P N )Txi, h ® y h i)\ > e VZ G L'}\ < oo, 

and ifH'cH and \H'\ > Mi then 

\{l ■ K fc ®y; >I (T- 1 P(J-P JV )rx 4>fc ®y i ,,)| > e Vh G H'}\ < oo. 
Moreover, for all h G H,l G L, 

Kh ® yjA T ~ lp ( T ~ P N )Txi, h ® y,- ,)| < e. 

Proof. The proof is by induction. Just to get the induction started let /ii = 1 and 
by Lemma 7.3 there is an N ± G N such that for any N > N±, \x* A ® y* l (T~ 1 P(I - 
PN)Txi t i <S> yj,i)\ < e for all but Mj many /. For N = Ni there are only finitely 
many / such that the inequality above fails, so let L\ be the set of / such that 
Ki ® yU T ~ lp ( T ~ P Ni)Txi, h ® y,- 01 < e. 

Consider the following (non-mutually exclusive) possibilities. 

(1) For every infinite H C N and N > Ni there are infinitely many Z G Li and 
infinite subsets if; of such that for all h £ Hi, 

Kh ® vUT-'Pil - P N )Tx t , h ® y J; 01 < e. 

or 

(2) There is an AT > AT l5 an infinite set and there are Mj integers / such that 

® vUT-'Pil - P N )Txi, h ® y jtl )\ > e 

for all h G H. 

If the second possibility occurs, we can find N[ > Ni, a subset L' x of Li with 
cardinality Mj , and an infinite subset H\ of N such that for all h G Hi ,1 e L[ 
\ x i,h ® yj,/( T_1 - p ( / ~ PN{)Txi,h ® yj,0l > e - B y applying Lemma 7.3 at most Mj 
times we can find an integer A^ 2 > iV( such that for any N > N 2 and i 6 I', 

|{/* : |<, ® VUT-*P{I - P N )Tx ith ® y i; 01 > e/4}| < Mj. 

(We are assuming that the integer M[ obtained from Lemma 7.3 is not necessarily 
the same as that we have obtained from Lemma 7.2.) By eliminating a finite number 
of h G Hi we may assume that 



l~* o „.* /T-1d/7 77 \T™ o „. M ^ ~IA 
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for all h G H 1 U {fti}. Let li be any element of L[. Notice that for any h G Hi, we 
have 

Kh ® vliiT^PiPN, - P Nl )Tx hh <g> y,- ,)| > e - e/4 = 3e/4 

and thus we have a block as in Lemma 7.2. 

If the second possibility does not occur, then we choose li G L\ and an infinite 
set Hi such that for all h G H u \x* h ® y* jh (T- 1 P(I - P Nl )Tx ijh <g> y jM )\ < e. Let 
N 2 = N X . 

Now we choose /12, by interchanging the roles of / and h in the argument above. 

If there is an N > N 2 , an infinite set LcLi and there are Mj integers h such 
that \xl h ® y* j l (T- 1 P(I - P N )Tx i}h <g> y jtl )\ > e for all / G L, then let N' 2 > N 2 , 
H 2 C Hi with cardinality Mj, and let L 2 be an infinite subset of Li \ L' x such that 
for all / G L 2 and ft G # 2 , <g> y* ^T^P^ - P N[ )Tx ith ® y j: 1) | > e. By applying 
Lemma 7.3 at most Mj times we can find an integer ./V3 > iV 2 such that for any 
N > N 3 and h G # 2 , 

|{/ : |<, ® yU T ~ lp H - PN)Tx ith ® Wl 01 > e/4}| < Mj. 

(Mj is the integer from Lemma 7.3.) By eliminating a finite number of / G L 2 we 
may assume that \x* h <g> y* l (T~ 1 P(I - P N2 )Tx ijh <g%-,0l < e/4 for all / G L 2 U{/i}. 
Let /i 2 be any element of H 2 . Notice that for any / G L 2 , we have 

Kh ® 2/* ; (T- 1 P(P 7V3 - P^)Tx iift ® y,,0l > e - e/4 = 3e/4 

and thus we again have a block as in Lemma 7.2. 

Otherwise choose /12 and and an infinite set L 2 C Li such that for all / G 
^2,|< h2 ® 2/;, ; (T- 1 P(J - P N2 )Tx iM <g> y^)\ < e. Let iV 3 = N 2 . 

The remainder of the proof proceeds by alternately choosing elements hk and 
Ik as above. Notice that the number of integers k for which we find the set H' k 
of cardinality Mj, L' k of cardinality Mj, respectively, is limited by Lemma 7.2. 
Therefore, after some finite number of steps, we have that there is an Nk , and 
infinite sets Lk and Hk such that for any N > Nk and infinite subsets L of Lk 
and H of Hk , 

\{l G L k() : \x* hh ® y* ; (T- 1 P(J - P N )Tx hh ® y jtl )\ > e for all h e H}\ < Mj 

and 

|{ft G if fco : |a£ h ® yl^Pi! - P N )Tx hh <g> % - 0| > e for all I G L}| < Mj. 

The sets H = {hk '■ k > ko} and L = {Ik : k > ko} and Nq = Nk satisfy the 
conclusion of the lemma. □ 

The previous lemma gave us an estimate for a row in each factor. Now we move 
to a rich set in one factor. 

Lemma 7.6. Let (x^h) and (yj,i) be equivalent to the standard basis of X p2 i ( Wn fc ). 
Suppose that T , P^ , and P are as in Lemma 7.1, < e < 1, and j is such that 
Wj = Wjj < (1 — e)/(3||5x) || ||T||). Let (Mi) be the sequence of integers given by 

r„ m , m ,„ iy n t — . „ o, I a x i /o 1 „ _ I a ti + 1. — ,„ — „•„,<-„ — . 
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N , an infinite subset L of N, and a rich subset if of N x N, such that for all 
N > N , j G N, there is a set V C L, |L'| < Mj and for all I £ V , {h : 
(i,h) G if, \x* h ®y* l {T~ 1 P(I — PN)Txi^h®l)j,i)\ < e} is infinite. Moreover, for all 
leL,(i,h) EK, \xl h ®yl l {T- 1 P{I-P No )Tx i , h ®y j , l )\<e. 

Proof. By discarding the first few rows of N x N, i.e., {1, 2, .., k} x N for some fc, 
and renumbering we may assume that Wi = w iih < (1 - e)/(3||T- 1 ||||T||) for all 
i, h G N. We will inductively construct L and if by using Lemma 7.5 and Lemma 
7.2. 

First by Lemma 7.5 there exist an integer N 1: an infinite subset L\ of N and an 
infinite subset H x of {1} x N such that for all N > Ni, 

{(hj) : Ixl^yliiT-'Pil - P N )Tx ith ® yjl i)\ < e} 

does not contain a rectangle A x B with A infinite and cardinality of B greater 
than or equal to Mj or with B infinite and cardinality of A greater than or equal 
to Mi. Also Ixl^^yl^T^Pil - P Nl )Txi, h ®yj,i)\ < e for all / G L\ and h G H 1 . 
Consider 

L N = {I g Li : 3if rich such that 

!</, ® vU T ~ lp V ~ P N)Tx hh ® 0| < e V(i, ft) G if}. 

If for some AT{ > AT 1; |L X \ | > Mj then let L' x cii\ L™' 1 with cardinality M,-. 
If we enumerate the elements of L' x as (/0i=i we can produce a rich set which is 
bad for all U G L' x inductively as follows. 

Because h L Nl , there exists a rich set K\ such that 

\xl h ®yl h {T- x P{I-P N ()Tx ith ® V j, h )\ < e V(i,h) G K x . 

Because if i is a rich set and I2 L N ^ , there is a rich subset if 2 of if 1 such that 

Kh ® vUi T ~ lp {I - Jty)Ta; <>h ® y^,z a )| < e V(i, fc) G if 2 . 
Similarly there exists a rich subset if3 of if 2 such that 

Kh ® yl h {T- x P{I - P N[ )Tx hh ® yii ,,)| < 6 V(z, fc) G if 3. 
Continuing in this way we find a decreasing sequence of rich sets (K i )f^ 1 such that 
Kh ® vlhi^Pi 1 - PNl)T Xi , h ® y,- ,J| < e V(i, ft) G if s , s < fc. 

Let if ( = if Mj • By at most Mj applications of Lemma 7.3 there exists an integer 
N" > N[ such that for all N > N", I G Z/ 1; and i G if 1 , 

\{h : K,, ® vUT^Pil - P N )Tx l)h ® yj - 0| > e/4}| < M/, 

where M| is given by Lemma 7.3. Let 22 be the smallest index in if J 1 . By Lemma 7.5 
there is an integer iV 2 > N", an infinite subset L2 of L\ \ L' x and an infinite subset 

tj „f f 1, . /; u\ r- zri 1 r , — u + f — at \ at ((u i\ . I™* ,0, „.* /a -1 — 1 d/ r 
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PN)Tx i} h <E> Vj,i)\ < e} does not contain a rectangle A x B with A infinite and 
cardinality of B greater than or equal to Mj or with B infinite and cardinality of 
A greater than or equal to Mj 2 . Also \x*[ h <S> y*i(T~ l P(I — Piy 2 )Txi : h <E> Uj,i)\ < e 
for all / G L2 and ft G H2. By discarding at most a finite number of elements from 
each row of K[ we may assume that for all (i,h) G K[ and / G L' x and for all (1, ft) 
with h e Hi and / G L 2 U Z/ 1; 

K* ® VMT-^I - P N )Tx hh ® y^)| < e. 

Observe that for any (i,h) G i^i we have that for each I G L\, 

Kh ® yli{T- x P{P Ni - P Nl )Txi, h ® 2/j.OI > e - e/4 = 3e/4. 

Thus we have a block with respect to / as in Lemma 7.2. 

If we cannot find the set L' x of cardinality Mj as above, choose l\ G la and let 
ifi be a rich subset of L^ 1 such that \x^ h <8> y^T^P^I - P Nl )Tx ijh <g> y j;/l )| < e 
for all (i,ft) G -fCi. Note that we may assume that Ki is maximal and thus that 
(1, ft) G K 1 for all ft G #1. Let L[ = {h}. 

For each i G -fCi, N > N\, and infinite set L C L 2 consider the set 

H(i, N, L) = {h: \x* ith ® yUT- l P{I - P N )T Xi , h ® y,- ,)| > e V/ G L}. 

If the cardinality of H{i,N,L) is at least Mj for some i = i 2 , L = L[ and iV = 
iV( > N u let be a subset of H(i 2 , N[, L[) with cardinality M { . By Lemma 7.5 
there is an integer N 2 > N[, an infinite subset L 2 of and an infinite subset H 2 
of {h : (i 2 , ft) G K[}, such that for any N > N 2 , 

{(ft, I) : \x* ith ® y* z(T- 1 P(J - P^Tx^ ® y,- ,) | < e/2} 

does not contain a rectangle AxB with A infinite and cardinality of B greater than 
or equal to Mj or with B infinite and cardinality of A greater than or equal to Mi 2 . 
Also \xl h ® y* ; (T" 1 P(/ - P N2 )Tx ljh ® yjil )\ < e/2 for all I G L 2 and ft G tf 2 . By 
passing to infinite subsets of Hi and L 2 we may assume that \x* h <g> y* l (T~ 1 P(I — 
P N2 )Tx ith ® y^)| < e for all / G L 2 U {/1} and ft G H 1 . 

Observe that for any ft G H' 2 we have that for each Z G L 2 , 

K,h ® y* ; (T- 1 P(P A , 2 - P Nl )Tx i2 , h ® y,- 0| > e - e/4 = 3e/4. 

Thus we have a block with respect to ft as in Lemma 7.2. 

If neither L[ of cardinality Mj as in the first case nor H' 2 of cardinality Mj as in 
the second case can be found, then choose an infinite subset L 2 of Li and an infinite 
subset H 2 of {ft : (i, ft) G K{\ such that ^y*^' 1 P(I - P Nl )Tx iih <g%-,j)| < e 
for all h & H 2 and / G L 2 . Let N 2 = Ni. let /1 be any element of L 2 and let -KT 2 be 
a maximal rich subset ofNxN such that 

Kh ® vUT^Pil - P N2 )Tx hh ® yj ,i)\ < e 
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This completes the first full step of our construction. Notice that in each case 
we have produced an integer N 2 , infinite sets L 2 , Hi, H 2 of N, a set L[ containing 
at least one element and a rich set K 2 such that 

Kh ® VUT- 1 P{I - P N2 )Tx hh ® y jtl )\ < e 

for all / G L 2 U {h} and (i, h) G {1} x Hi U i 2 x H 2 and for all (i, h) G K 2 and 
I G L[, 

K,h ® VMT-^I - P N2 )Tx hh ® 0| < e. 

We will present one more step of the induction. 
Consider 

= {I G L 2 : rich 9 |a;^(g)y* / (T- 1 P(/-P i v)Ta; i , h «)^ ,)| < e V(i, ft) G K}. 

If for some iV^ > iV 2 , |L 2 \ | > M,- then let L' 2 C L 2 *\L with cardinality Mj. If 
we enumerate the elements of L 2 as (/0^m,-+i we can produce a rich set K' 2 which 
is bad for all l t , Mj < i < 2Mj inductively as above. By at most Mj applications 
of Lemma 7.3 there exists an integer N 2 > N 2 such that for all N > N 2 , I G L' 2 , 
and i G {K 2 )\ 

\{h : \xl h ® yl^Pil - P N )Tx ifh ® y jtl )\ > c/4}| < M|. 

Let i 3 be the smallest index in {K 2 ) 1 . By Lemma 7.5 there is an integer N s > N 2 , 
an infinite subset L 3 of L 2 \ L 2 and an infinite subset H3 of {/i : (i 3 , h) G -ftr 2 }, such 
that for any N > N 3 , {(h,l) : \x* hh ® y^T^PiJ - P N )Tx ijh ® < e} does 

not contain a rectangle i x B with A infinite and cardinality of B greater than or 
equal to Mj or with B infinite and cardinality of A greater than or equal to M is . 
Also \x* ijh ® yl^T^PiJ - P Na )Tx hh ® y jtl )\ < e for all I G L 3 and h G H 3 . By 
discarding at most a finite number of elements from each row of K' 2 we may assume 
that for all (i,h) G K 2 and / G L 2 and for all (i, h) with h E Hi for i = 1,2 and 
/ G L 3 U L 2 U Li, 

l<h ® yU T ~ lp ( T ~ P N)Tx t , h ® 01 < e. 

Observe that for any (i,h) G if 2 we have that for each I G L 2 , 

Kh ® yUT^PiPN, - P Nl )Txi, h ® y,- 0| > e - e/4 = 3e/4. 

Thus we have a new block with respect to / as in Lemma 7.2. (If N 2 = Ni this case 
cannot occur.) 

If we cannot find the set L' 2 of cardinality Mj as above, choose l 2 G L 2 and let 
K 2 be a rich subset of L N2 such that <8> y* h (T- 1 P(I - P Nl )Tx ijh <g> y jM )\ < e 
for all (i,h) G i^ 2 . Note that we may assume that K 2 is maximal and thus that 
(i s , h) G if 2 for all h G # s , s = 1, 2. Let L' 2 = {l 2 }. 

For each i G (i^ 2 )\ N > N 2 , and infinite set L C L 2 consider the set 

i_r/„- at t\ (u . I „* o „.* /^r- 1 7D/r r> ^^^„, .0 „. M\, ui ^ rl 
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If the cardinality of H(i,N,L) is at least Mj for some % = z 3 , L = L' 2 and N = 
N 2 > N 2 , let H' 3 be a subset of H (i 3 , N 2 , L 2 ) with cardinality Mj. By Lemma 7.5 
there is an integer iV 3 > N 2 , an infinite subset L 3 of L 2 and an infinite subset H 3 
of {ft : (z 3 , ft) G K 2 }, such that for any N > N 2 , 

{(ft, I) : \x* ith yUT- l P{I - P N )Tx t , h y jt i) \ < e/4} 

does not contain a rectangle Ax B with A infinite and cardinality of B greater than 
or equal to Mj or with B infinite and cardinality of A greater than or equal to Mj 3 . 
Also \x* hh y* ; (T- 1 P(J - P N3 )Tx hh ® y jtl )\ < e/4 for all / G L 3 and ft G H 3 . By 
passing to infinite subsets of H 3 and L 3 we may assume that \x* h ®y* l {T~ l P(I — 
P N3 )Tx ijh <g> y jt i)\ < e for all / G L 3 U L[ U L' 2 and ft G #1 U H 2 . 
Observe that for any ft G H' 3 we have that for each / G L 3 , 

® Vj,l( T ~ lp ( P »* - ^ivjTa^ ® y w )| > e - e/4 = 3e/4. 

Thus we have a new block with respect to ft as in Lemma 7.2. 

If neither L 2 of cardinality Mj as in the first case nor H' 3 of cardinality Mj as in 
the second case can be found, then choose an infinite subset L 3 of L 2 and an infinite 
subset H 3 of {ft : (i, ft) G K 2 } such that ^^(gJ^^T-^^-PArjT^^®^-,;)] < e 
for all ft G H 3 and Z G L 3 . Let N 3 = N 2 . let Z2 be any element of L 3 and let -ftT 3 be 
a maximal rich subset ofNxN such that 

Kh ® vhiT-'Pil - PN 3 )Tx hh ® y,- 0| < e 

for all (i, ft) G K 3 . 

We have now completed a second full step of the induction. Continuing in this 
way we produce an increasing sequence of integers (N^), (z/~) and sequences of sets of 
integers (L' k ), (H^), (L^), and rich sets (K^). The sequence (N^) must be eventually 
constant since each increase in is produced when a new set L' k of cardinality 
Mj is found or a new set H' k of cardinality Mi k is found. If N kl < • • • < iVfc s and 
for each r, 1 < r < s, we have disjoint sets Z/ fc , then any (z, ft) G -ftT s +i will give us 
s blocks as in Lemma 7.2. But Lemma 7.2 gives a bound on the number of such 
blocks and thus this cannot be the cause of the increase in N^. Similarly, if we have 
disjoint sets H' k of cardinality Mi r then choosing any / G L s +i will give us s blocks 
as in Lemma 7.2. Therefore there is an integer ko such that Nj~ = Nk () for all k > kg. 
Consequently, we can let N = N ko , L = {l r : r > k } and K = U r >fc H {i r } x H r . □ 
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X p <g> X p IS NOT IN THE SCALE R™, a < U>i 

In this section we prove our main result and answer a question posed in [BRS]. 
Before beginning we need a few combinatorial lemmas. 

Lemma 8.1. If G C N x N and there exists an integers M such that i/AcN with 
cardinality M and BcN which is infinite, then 4xBnG^0 and B x AnG ^ 0. 
Then there exist infinite subsets of N, H, L such that H x L C G. 

Proof. Observe that the hypothesis implies the following. 

Given K C N with cardinality greater than M — 1 and any infinite subset J of 
N then there is an element n of N and an infinite set J' C J. such that (n,j) G G 
for all j e J'. 

Indeed, enumerate the elements of N as ni, ri2, ■ ■ - Um- By hypothesis n{j G J : 
(n r , j) G} is finite and 

D{jeJ: (n r ,j) £G} = J\({jeJ: (m,j) G G} U {j G J : (m, j) £ G, 
(n 2 ,j) G G} U • ■ ■ U {j G J : {n r ,j) <£ G for r = 1, 2, . . . , M - 1, (n M ,j) G G}. 

thus one of the sets 

{j G J : (m,j) i G, fa, j) eG}u...{j eJ : (n r , j) £ G 

for r = 1,2, . . ., s, (n s+ i, j) G G} 

is infinite. 

To construct the sets H, L we alternately select infinite sets H k and L k and 
elements hf~ and such that 

(1) (Hk) and (L^) are decreasing, 

(2) (h k , I) EG for all/ G L fe+1 , 

(3) (/1,/fc) G G for all /i G H h , 

(4) fe fc G tf fc 

(5) J*, G L fc 

Begin with ifo = N and L\ = N, and use the principle to find Zi G {1, 2, . . . M} 
and an infinite set iii such that (/i, /i) G G for all h G Next let H[ be a subset 
of H\ with cardinality M and let L = N \ {h}- By the principle there exists an 
element hi of H[ and an infinite subset L 2 of Li such that (hi, I) G G for all / G L 2 . 
Next let L' 2 be a subset of L 2 \ {/i} with cardinality M. By the principle there is 
an infinite subset H 2 of Hi \ {hi} and / 2 G L' 2 such that (h, / 2 ) G G for all h G -H" 2 . 
Clearly this procedure will produce the required sequences. □ 

Lemma 8.2. Suppose that GcNxNxN and N G N then one of the following 
holds 

(1) There exists a rich subset K C N x N suc/i i/iot /or eac/i (j, I) G ii, t/iere 
are at least N elements n G N smc/i t/ia£ (n, j, I) G. 

(2) There exist M C N, M infinite, and a rich subset K C N x N swc/i i/iat /or 
eac/i n G M anrf (j, /) G K , (n, j, /) G G. 

Proof. We begin by trying to directly satisfy the first alternative. For each j G N 
let 

r r; . -i-i 17 ^- t\t I irM \ at „ u j-U„j- /„ „• i\ A c — „n „ r- zrn 
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Let J = {j : \Lj\ = oo}. If J is infinite, then we define K = {(j, I) : j G J,l G Lj}. 
K is clearly rich and satisfies the first criterion. 

If J is finite, discard all (n,j, I) such that j G J. Because N \ Lj is infinite for 
all j ^ J, we can without loss of generality assume that J = and Lj = for all 
j. We need to remove another set of elements before we try to satisfy the second 
criterion. 

Suppose that there exists some niGN such that J\ = {j : \{l : (n\, j, I) £ G}\ = 
oo} is infinite. Then we replace NxNxNby N\{ni} x {(j, I) : j G Ji, (m, j, /) ^ G}. 
If there exists n 2 G N\{ni} such that J 2 = {j : j G Ji, |{/ : (n,i,j, I) ^ G,i = 1, 2}| = 
oo} we remove tt-2 and consider only j G J 2 and / such that (n^, j, I) £ G,i = 1,2. 
Because we have eliminated the pairs of coordinates which appear iV or more times, 
this process must stop in at most N — 1 steps. Thus there exist some k < N, 
N' = N \ {n±, . . . ,nk}, an infinite set J' = Jk C N, and for each j G J' , Lj C N 
infinite such that for each I & Lj, (n,j, I) ^ G for at most iV — 1 elements n G N' 
and for each n E N' there are only finitely many j G J' such that {/ : (n, j, I) ^ G} 
is infinite. 

We now want to construct the sets M and K by a procedure like that used 
to count the rationals. Choose m\ G AT'. Let J{ = {j : |{/ : (m\,j,l) ^ G}| < 
oo}. Then by assumption J[ contains all but finitely many elements of J' . Let 
Lj ; i = {/ : (m\,j,l) G G} for each j G J(. Choose j\ G J( and then we can find 
an infinite subset L\ of Lj 1: i and a co-finite subset iV{ of N' such that for each 
n E N[ (n,j\,l) £ G for at most finitely many / G Lj lt \ as follows. If L\ = Lj 1: i 
and N[ = N' work, we are done. If not there is some k\ G N' such that K\ = {/ : 
^ G} is infinite. If N[ = N' \ {hi} and L\ = K\ work we are done. If 
not there exists, k 2 G N[, k 2 ^ k\, such that K 2 = {I '■ (ki,j\,l) ^ G, i = 1,2} is 
infinite. As in the earlier argument this can continue only at most N — 1 times. 
Now choose / Jl5 i G L\. Let N" = {n : n G N[, (n,j\,l\) G G}. Again we have lost 
at most finitely many elements of N[. 

Next choose m 2 G N[', let J 2 = {j : j G J[, \{l : (m 2 ,j,l) £ G}\ < 00}. Then 
by assumption J 2 contains all but finitely many elements of J{. For j 7^ j\ let 
Lj,2 = {I '■ {™>2, j,l) £ G} for each j G J 2 and L jlj2 = {/ : / G Li, (m 2 ,j,l) G G}. 
Note that lj 1 ,i G Lj lj2 . Next choose j 2 G J 2 ,j 2 7^ ji- As above we can find a co- 
finite subset N 2 of N" and find an infinite subset L 2 of Lj 2;2 such that for each 
n G N 2 , (n,j 2 ,l) ^ G for at most finitely many / G £j 2 ,i- Now choose lj 1 , 2 G Lj lj2 , 
lh,2 ^ and / J2i i G L 2 . Let N% = N^\{n : (n,j 1 ,l ju2 ) £ G or (n,j 2 ,lj 2 ,i) £ G}. 
This removes at most a finite number of elements from N' 2 but not mi or m 2 . 

The remainder of the argument consists of inductively choosing as we have 
done above new m^'s, new j^s, and corresponding lj u k, so that in the end M = 
{mi, 777-2, • • • } and K = {(ji, lj u k) '■ i, k G N} satisfy the second criterion. We leave 
the details to the reader. □ 

We are finally ready to prove our main result. 

Theorem 8.3. Suppose that there is a constant D such that for all n Y n is a 
subspace of L p with a D -unconditional basis . IfT is an isomorphism from X P ®X P 
into (^2 Yj) V 2,{w n ) and P is a projection onto the range of T , then there exists an 
integer N and a subspace Z of X p <S>X p , isomorphic to X p ® X p such PnT\z is an 
isomorphism and PnT(Z) is complemented. 

Proof. We will use the standard basis of X p 2 ^ Wn fc ) where as usual w Ut k = w n and 

/„.. \ J „„„„ j-„ n T „j- /™ \ „„ J („. \ u„ „, — ;„„ -tU„ u„„;„ 13,. n „:±: — 
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6.3 it is sufficient to find N G N, e > 0, and rich subsets of N x N, M, K, such that 

Kh ® vUT-'PPnTx^ ® y^)\ > e 

for ail (i, h) G M, G if. In this proof we will take e = 1/4. We proceed by 
induction as in the proof of Proposition 6.3. Lemmas 7.2 and 7.4 will be used to 
show that a uniform N works. We will use the two player game approach with two 
interwoven games as we did in the proof of Proposition 6.3. The proof is essentially 
combinatorial so that topological condition in the definition of the games will be 
irrelevant. (We could take X to be the weak closure of the X p basis, (x m , n ) or 
and use constant functions, but we will not define the functions at all.) Lemmas 7.2 
and 7.4 require that we use only small Wk thus we immediately discard all indices 
(i, h), (j, I) for which Wi or Wj is larger than (32||T||||T- 1 ||||P||)- 1 . This does not 
affect the isomorphic type of the span of the remaining basis vectors. Therefore we 
will just assume that the index sets are again NxN. Let (M m ) be the sequence of 
integers determined by Lemma 7.2 for p = 1/2, p\ = 1/4 and 5 = 1/2. 
To reduce the notation a little define 

f(N, i, h,j, I) = \x* ith ® yUT- l P{I - P N )Tx hh ® y jtl ) | 

and 

g(N, i, h,j, I) = \x* ih <g) vI^T^PPnTx^h <g> y jtl )\ 
for all i,h,j,l e N. 

Let si be chosen according the game argument as in the proof of Proposition 

5.4 and let S' x x be the set in S x . By Lemma 7.4 there is an integer N± and a set 
Sy G 5y, such that 

f{Nux^ s) ,y m ) < 1/4 

for all t G Sy and s = si. 
Let 

G = {(h,j, l):3te S Y , s G S' xa 9, 0(s) = h), 

0(t) = (j,O,^(iV 1 ,0( S ),0(t))>l/4}. 

We apply Lemma 8.2 to G with AT = M^ Sl y and with N x Sy in place ofNxNxN. 

If alternative (2) occurs, let Hi be the infinite subset and S' Y be (/> _1 (if ), where 
if is the rich subset. (We assume that K is maximal for H\ and then that Hi 
is maximal for this maximal K.) Let S X1 = S' X1 \ {((fi(si) 1 , h) : h Hi}. Let 
N 2 = Ni. (This is a notational convenience.) Observe that we may assume that 
4>{sif G Hi. 

If alternative (1) occurs and not (2), let K be the rich subset of 4>(Sy)- Then by 
Lemma 7.6 there is an integer N 2 , an infinite subset Hi of {h : 3s G S' x 1 9 (p(s) = 
((^(si) 1 , h)} and a rich set K' C if, such that for any iV > A^ 2 , for all j, all but 
at most M^( Sl ) indices /i G iii, f(N,(p(si) 1 1 h,jJ) < 1/4 for infinitely many / with 
(j,Z) G if'. Moreover, f(N 2 ,(f)(s l ) 1 ,h,j,l) < 1/4 for all i G Hi, (j, /) G if'. Let 
^ = <I>-\K') and = S' XA \ {((j>(si)\h) : h H x }. 

Observe that in both cases we have that for the integer N 2 , g(N 2 , x^( s ), y^t)) ^ 
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allow the second player in X-game to choose any new element s with ^(s) 1 = ^(si) 1 
from S X1 . Also note that if alternative (2) failed, then for any t G S' Y , there exist 
a set of M^( Sl ) indices H[ C N such that 

/(iV 2 ,0( Sl ) 1 ,/ i ,0(t))<l/4 

and 

y(AT 1 ,0( Sl ) 1 ,/ i ,0(t))<l/4, 

for all he H[. Therefore 

l^-i) 1 ^ ®yl(t)( T ~ lp ( p Nz ~ PN^Tx^y^^y^)] > 1/2, 

for all h E H[. Thus we have one block for the X-game as in Lemma 7.2. 

Now that we have started the construction, we can make further steps a little 
more regular. 

Let 

T = {t : t G S' Y and <p({s : s G S x ^ g(N 2 , <j>(s) , <p(t)) > 1/4}) contains a rich set}. 

If 4>(To) contains a rich set, let K be a maximal one and let Sy,i = If not, 

then S' Y \ Tq contains a rich set, K. Let Sy,i = 4>~ 1 {K). 

Player 2 in the F-game chooses t\ G Sy,i and S' Y1 G Sy such that S' Y i C Sy,i- 

Let 

G = {(/, i, /») : 3t G S^, s G S^, 0(f) = Mfx) 1 , /), 

(j>(s) = (i,h),g(N 2 ,(f>(s),(f>(t))>l/A}. 

We apply Lemma 8.2 to G with N = M^ tl y and with NxS x l in place of NxNxN. 
If alternative (2) occurs, let L\ be the infinite subset and 

S'li = {se S XA : (P(s) 1 = ^O 1 } U <j>-\K), 

where K is the (maximal) rich subset. (We know that if s G S' x \ and ^(s) 1 = 
^(si) 1 , then g(N 2 ,(/>(s),(/>(t)) > 1/4 and thus (l,<f>(s)) G G.) Let' S Yl = S' Y1 \ 
{ (<^>(ti) 1 , /) : / ^ Li}. Let ./V3 = N 2 . (This is again a notational convenience.) 
Observe that we may assume that 4>(ti) 2 G L\ by making L\ maximal. 

If alternative (1) occurs and not (2), let K be the rich subset of (f>(S x 1 ). Then 
by Lemma 7.6 there is an integer N% > N 2 , an infinite subset Li of N and a rich 
set K' C K, such that for any N > N 3 , for all i G (f>(S x 1 ) 1 , all but at most M^( tl ) 
indices / G Li, /(AT, z, h, (^(ti) 1 , 1) < 1/4 for infinitely many h with (i,h) G -ftT'. 
Moreover, /(AT 3 , i, h, 4(h) 1 , 1) < 1/4 for all / G Li, (i, /i) G K'. Let 

and 

Sy^Sy.AiWi) 1 ,!):!^!}. 
Observe that in both cases we have that for the integer N%, g(N$, <f>(s), <f>(t)) > 

1 / /I -C „11 „ r- CI" „„J „11 J- r- OH „ U J-U„4- i^l Xlj. M rpl • „„„„„ J-U„ + „.„ 
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can allow the second player in y-game to choose any new element t with (pit) 1 = 
(fiiti) 1 from Sy y i- Also note that if alternative (2) failed, then for any s G S X1 , 
there exist a set of M^,( tl ) indices L[ C N such that 

f(N 3 , ( />(s),cf>(t 1 ) 1 ,l)<l/4 

and 

^(AT 2 ,^( s ),^(t 1 ) 1 ,Z) < 1/4, 

for all I E L[. Therefore 

\ x l(s)®yl(ti)\i( T ~ lp ( p Nz -Pn 2 )T X4>(s) ®y# tl )i,i)| > 1/2, 

for all I G L'j. Thus we have one block for the F-game as in Lemma 7.2. 

The idea of the proof is to continue to play the two games as above. Each time 
we are forced to take alternative (1) in the application of Lemma 8.2, we produce 
a new block as in Lemma 7.2. However Lemma 7.2 tells us that this cannot go on 
happening. Thus eventually only alternative (2) occurs in each game and we are free 
to construct the required basic sequences. In order to play the games according to 
the rules we will fatten the sets Sx, r , Sy,r, so that they will contain the previously 
chosen elements. However in the end we will discard the elements chosen before 
the integer has been fixed. 

We will do a few more steps of the induction in order to cover a few cases which 
have yet to arise. 

Let 

So = {s : s E S X1 and 

0(0 : t G Sy A , f(N 3 , 0(s), (f>(t)) < 3/4}) contains a rich set}. 

If <f>(So) contains a rich set, let K be a, maximal one and let Sx,2 = {^l} U {s : s G 

S' x 1 ,<f)(s) 1 = (^(si) 1 } U _1 (-ftT). If not, then S% ± \ S contains a rich set, K. Let 

Sx,2 = {si} U{s:se Shifts) 1 = (Pist) 1 } U (j> 2l (K). 

Player 2 in the X-game chooses s 2 G Sx,2 and S' x 2 G Sx such that S x 2 C Sx,2- 
If it happens that (p(si) 1 = </)(s 2 ) 1 and N s = N 2: there is nothing to do. Thus 

we simply let S Y ' 2 = &yi- Otherwise, let 

G = {(h,j, l):3te S YA ,s G S' x ^ <P(s) = (0( S2 )\ h), 

cP(t) = (jJ)J(N 3 , ( p(s), ( p(t))<3/4}. 

We apply Lemma 8.2 to G with N = M^ S2 y and with (<f)(S X2 ) n ({(f>(s 2 ) 1 } x N)) x 
S Y1 in place ofNxNxN. 

If alternative (2) occurs, let H 2 be the infinite subset and S Y1 be <^> — 1 (-FiT) , 
where K is the maximal rich subset. Let S x 2 = S x 2 \ {((f>(s2) 1 , h) : h H 2 }. Let 
N4 = N 3 . Observe that we may assume that <fi(s 2 ) 2 G H 2 . 

If alternative (1) occurs and not (2), let K be the rich subset of <j)(S Y1 ). Then 
by Lemma 7.6 there is an integer N4 > N 3 , an infinite subset H 2 of N and a rich 
set K' C K, such that for any N > N4, for all j, all but at most Mxi S2 \ indices 

u ^ tj -f / t\t xl „ M u „• i\ ^ 1 I a c — ;„-C„;-i-„u. ™„„,. i ...ui, /„■ i\ r- tsI t\/t — 
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f(N 4 ,(P(s 2 )\hJJ) < 1/4 for all h G H 2 , G K' . Let S Y ' A = ^{K') and 

S^ 2 = S' x ^\ms 2 )\h):h{H 2 }. 

Observe that in all three cases we have that for the integer N 4 , 

g(N 4 ,x Hs) ,y Ht) ) > 1/4 

for all t G S Y1 , and all s G S'x 2 such that (p(s) 1 = 4>(s 2 ) 1 . This means that we can 
allow the second player in X-game to choose any new element s with (pis) 1 = (pisr) 1 , 
r = 2 (or r = 1, 2 if N± = AT 3 ) from 5^- 2 . Also note that if alternative (2) failed, 
then for any t G S' Y , there exist a set of M^( S2 ) indices H' 2 C N such that 

/(iV 4 ,0( S2 ) 1 ,/ i ,0(t))<l/4 

and 

y(Ar 3 ,0( S2 ) 1 ,/ i ,0(t))<i/4, 

for all h <E H' 2 . Therefore 

I^J( fl3 )Sh ® l/Jct)^ -1 ^^^ - iVs)^^^)!,,, <8> y 0(t) )| > 1/2, 

for all h G H' 2 . Thus for any t G S'y x C Sy, we have one or two blocks (depending 
on whether alternative (2) has failed two times in X-game) for the X-game as in 
Lemma 7.2. 
Let 

T = {t : t G Sy'i and 

4>({s : s G S^ )2 , #(-^4> 4>(t)) > 1/4}) contains a rich set}. 

If </>(T ) contains a rich set, let K be a maximal rich subse and let Sy,2 = <P _1 iK) U 
{£1} U {te Sy 1 : ^(t) 1 = (pit!) 1 }. If not, then S Y1 \ T contains a rich set, K. Let 

S Y ,2 = 4r\K) u {h} u{te S Y ' A ■. (Pit) 1 = (Pih) 1 }. 

Player 2 in the y-game chooses t 2 G Sy,2 and S' Y2 G Sy such that S' Y2 C SV,2- 
If ( / ) (s 2 ) 1 = ^(si) 1 and iV 3 = iV<t, then let S'Jl 2 = S X2 . otherwise let 

G = {(i, h, l)-.3te S' Yi2 , s G S%, (Pit) = i(Pit 2 )\ I), 

<l>(s) = (i,h),g(N4,<f>(s),<l>(t))> 1/4}. 

We apply Lemma 8.2 to G with N = M^y and with {(p{S' Y2 ) H ({<^(t 2 ) 1 } x N)) x 
S£ j2 in place ofNxNxN. 

If alternative (2) occurs, let L2 be the infinite subset and S X2 be (/> _1 (-ftT), 
where K is the maximal rich subset. Let S Y2 = S' Y2 \ {(0(t 2 ) 1 ,i) : / ^ £2}- Let 
iVs = N±. (This is again a notational convenience.) Observe that we may assume 
that 4>it 2 ) 2 G L 2 by making L 2 maximal. 

If alternative (1) occurs and not (2), let K be the rich subset of (piS X2 ). Then 
by Lemma 7.6 there is an integer N$, an infinite subset L 2 of N and a rich set 
K' C K, such that for any N > N 5 , for all i G (p(S x ^ , all but at most M^ t ^ 

— „ i r- t ttiKT „• u a/4- \1 i\ ^ i I a e — :„43„:j.„u. ™„„,. u ...uu 1 »• u\ r- tsI 
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Moreover, f(N 5 , i, h, (pfo) 1 , 1) < 1/4 for all Z G L 2 , (i,h) E K' . Let S% 2 = ^{K') 
^S'l 2 = S^ 2 \{m 2 )\l):HL 2 }. 

Observe that in all three cases we have that for the integer N$, g{N^, (p(s), (p(t)) > 
1/4 for all s E S'x 2 , an d all t E S Y2 such that (pit) 1 = cftfo) 1 - This means that we 
can allow the second player in y-game to choose any new element t with (pit) 1 = 
</>(£ 2 ) 1 from S'y^ 2 - Also note that if alternative (2) failed, then for any s E S'x^i 
there exist a set of M^,( t2 ) indices L 2 C N such that 

f(N 5 ,<l>(s),<l>(t 2 ) 1 ,l)<l/4 

and 

#(iV4,0( S ),0(t 2 )\O<l/4, 

for all I E L[. Therefore 

K(s) ®yl{t 2 )\i( T ~ lp ( p N 5 - PnJTx Hs) ®y^ t2 y, l )\ > 1/2, 

for all I E L' 2 . Thus for any s E S'x 2 C S'Jl 1; we have one or two blocks (depending 
on whether alternative (2) has failed two times in F-game) for the y-game as in 
Lemma 7.2. 

We have now established the pattern of the induction. As we have noted earlier 
alternative (2) of Lemma 8.2 can not fail infinitely many times, thus for some 
fed, N k = N ko for all fe > fe . Also /(W fco ,0(s fc ),0(*fc')) < 3/4 for all fe,fe' > fe . 
Therefore g(N ko ,(f)(s k ),(f)(t kf )) > 1 - 3/4 = 1/4 for all fe, fe' > fe . Because the 
games must yield a sequence in Sx, Sy, respectively, and removing finitely many 
rows from such a set is still such a set, (a^( Sfe ))/c€S and (y^(t k ))k&T, where S = 
{s r : 4>{s r y ^ (p(sk) 1 Vk < k } and T = {t r : (piU) 1 ^ iitk) 1 Vfe < fe }, are 
equivalent to bases of X p and Proposition 6.3 concludes the proof. □ 

Corollary 8.4. For all a < u>i, X p <g> X p is not isomorphic to a complemented 
subspace of R p . 

Proof. We know that for each a < uj±, R p is isomorphic to an (p, 2) sum of spaces 
R p n where for each n, R^ n is not isomorphic to R p . If X p ® X p were isomorphic to 
a complemented subspace of some RJ, 7 < u>i, let a be the smallest such ordinal. 
Since R p is isomorphic to (^2R p n )p,2, Theorem 8.3 implies that X p ® X p is iso- 
morphic to a complemented subspace of (X^=i -Rp")p,2, for some N EN. However 
this space is isomorphic to R p for some a' such that a' + u < a. This contradicts 
the choice of a. □ 



68 



DALE ALSPACH 



9. Final remarks and open problems 

In this paper we have answered some of the questions posed in [BRS], but there 
are many more questions that are raised by this work. 

1. In Section 1 we note that the best projection onto ® k X p has norm which grows 
with k. Thus it is natural to ask: Is <S> k X p isomorphic to a well complemented 
subspace of L p 7 More precisely, is there a constant C and subspaces F^fcsN 
of L p such that ® k X p is isomorphic to and there is a projection P k of L p onto 
Y k with ||P fc || < C7? 

2. In [S] Schechtman uses spaces of the form 

(^^(^^ • • • (^~"^ri)r 2 • • • )r„_i)r„ 

in order to distinguish the spaces ® k X q , k G N. If 2 > r\ > ri > ■ ■ ■ > r\ > q, 
1S (ZXS • • • (Yl ^r 1 )r 2 ■ ■ ■ )r n -i)r n isomorphic to a subspace of i?^ 71 ? For n = 1 
this is a result of Rosenthal [R2] and it is not hard to see that for n = 2 and 
v\ = 2 or T2 = q that it is true. However we do not know whether there is any 
a < ui, such that for 2 > r\ > T2 > q, (J2^r 1 )r 2 is isomorphic to a subspace 
of Rq . Notice that were it the case that there is no such a, then Corollary 8.4 
would follow. 

3. The proof of Theorem 8.3 that we have presented uses the unconditional basis 
assumption very sparingly. We had hoped to eliminate it altogether. Is the 
assumption that each Y n have a ^-unconditional basis necessary? Can the proof 
of Theorem 8.3 be simplified substantially if we make more use of the assumption 
that the spaces Y n have unconditional bases? 

4. In Section 5. we introduce a general framework for gliding hump type arguments, 
but we do not carry the work very far. What are good classes S for the natural 
bases of spaces such as ® k X p , Q^QZ • • • (X^ri)r 2 • • -)r„_i)r„, spaces modeled 
on trees, etc.? 

5. This paper shows that at least for certain questions the spaces R p are similar 
enough to X p that the techniques originated by Rosenthal can be adapted for 
use with these spaces. J. T. Woo [Wol], [Wo2], showed that X p is just one of 
a collection of modular sequence spaces with similar properties. Many of the 
arguments in this paper are really about multiple norm spaces. Thus it is likely 
that much of it would generalize to a class spaces where p and 2 are replaced by 
p and r or perhaps by spaces which are defined by families of indices. 

6. Suppose that P is a projection on X p <g> X p , is there a complemented subspace 
Z of X p ® X p which is isomorphic to X p <g> X p and is contained in the the range 
of P or the range of / — P. Because of Propostions 6.3 and 6.8, we think that 
it is very likely that this is true. The main difficulty remaining seems to be a 
combinatorial problem. Suppose that GcN 4 and is a bijection from N onto 
N x N as in Section 5. Are there infinite subsets K, L of N, such that 

{(<j>(k),<P(l))--o(k,K)>o(l,L)} 

or 

{(<f>(k),<f>{l)):o(k,K)<o{l,L)} 

is contained in G or N 4 \ G and <f>(K) and 4>(L) are rich? If these questions have 
affirmative answers then it ma.v be nnssible to shnw that X„ 6d X„ is nrima.rv. 
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